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Abstract

We study the dynamics of finite-size particles in a fully developed turbulent flow. Imag-

ing based Lagrangian Particle Tracking (LPT) and an innovative preparation technique

of the particles observed enable us to investigate simultaneously the full motion (trans-

lation and rotation) of neutrally buoyant spheres and the trajectories of fluid tracers

around them in a horizontal von-Kármán water flow generated by two counter-rotating

baffled disks. The diameter of the particles studied is approximately 100 times the dis-

sipative scale of the flow and their density is nearly that of the surrounding fluid. Our

investigations are made at a Taylor microscale Reynoldsnumber up to 400. We mea-

sure single- and two-point statistics for the finite-size particles and the surrounding

flow. Correlated dynamics between them can be observed for separations up to three

radii apart from the particles’ center. Via a link between the 2nd-order normal veloc-

ity structure function of particle and flow and the fluid’s rotation around the ball, we

show that particles’ and fluid’s rotation are coupled within two radii apart from the

particles’ center.
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Chapter 1

Introduction

Turbulence is phenomenon that we experience every day. Imagine the way how vapor

rises from a hot cup of tea, the mixing of milk and coffee caused by stirring, the mixing

of fuel and air in a combustion engine, pipe flows and industrial mixer or the develop-

ment of clouds, the formation of planets or the motor of the sun, turbulence plays a

major role in all these examples.

Every flow is subject to two species of forces, inertial forces and friction or viscous

forces. Turbulence occurs whenever the viscous forces are small compared to the iner-

tial forces of the flow. Perturbations that arise from boundaries, e.g. the driving of the

flow, or from body forces acting on the flow, are not damped out any longer. Instead,

they grow and lead to the creation of eddies of various sizes that are transported with

the mean flow (see Richardson (1922),Kolmogorov (1941b)). This is a turbulent flow!

The theoretical description of turbulent flows is well known since the time of Navier and

Stokes (see Batchelor (1967)). However, it is impossible to derive the exact solutions

for all turbulent length scales involved from the non-linear Navier-Stokes equations due

to its sensitivity to initial and boundary conditions. Therefore, most of the predictions

of turbulent flows that exist so far, are not derived theoretically but are based on em-

pirical observings.

The appearance of turbulence in all days life, mentioned above, points out the numer-

ous situations where flows are loaded with passive particles with non-negligible inertia.

This implies that the particles do not exactly follow the fluid motion. Compared to the

case of pure fluid turbulence, well described by the Navier-Stokes equations mentioned

above, the particle-turbulence interaction has a much weaker theoretical description.

In principle, the particle dynamics can be obtained by solving the particle equation
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coupled to the Navier-Stokes equations for the fluid with no-slip boundary condition

on the particle’s surface (see Hohmann and Bec (2010)). However, solving this set

of equations is difficult due to the moving boundary condition and due to the exact

derivation of fluid forces and torque acting on the particle over its entire extension.

The difficulty results from the interaction between the particle and the turbulent flow.

This problem has been solved to a good extent for small particles, small compared

to the smallest turbulent length scale of the flow (see Maxey and Riley (1983) and

Gatignol (1983)). Their behavior is mainly influenced by their relative density to the

fluid and they cluster in different regions of the flow, a phenomenon called ”preferential

concentration” (see Wood et al. (2005)). In the limit of negligible small particle size

and vanishing density difference to the fluid, the particle and fluid dynamics are the

same. Then, the particles behave like fluid elements and are called fluid tracers. This

property is crucial for several experimental techniques where these particles are used

to resolve the fluid dynamics (see Voth et al. (2002)).

The case of finite-size particles, large compared to the smallest turbulent length scale,

is conceptual much more difficult and previous theoretical predictions are less accu-

rate. Model equations for the dynamics of finite-size particles exist, based on the

approximation of point-like particles (see Faxén (1922)). However, these equations fail

to predict important features of the particles dynamics studied experimentally (see

Calzavarini et al. (2009)). Furthermore, these models capture only one-way coupling

between particles and flow. Since the particles have a finite size, they act on the flow

in their surrounding and they are able to rotate which might be both of high impor-

tance. These are requirements that future models have to fulfill describing the finite

size particle dynamics. Experiments providing results of these effects on the particle’s

dynamics are very few (see Naso and Prosperetti (2010),Zimmermann et al. (2011)).

Extensive experimental research has to be done on that field, especially resolving both

particles’ and flow’s dynamics, to provide results for the development of future model

equations.

In this work, we present an experiment in which we study the full dynamics (transla-

tion and rotation) of neutrally buoyant, finite-size particles together with the turbulent

flow around them at the same time. This is the first known experiment conducted

that provides results on the instantaneous translation and rotation correlation between

finite-size particles and the turbulent flow around. Our aim is to give rise to further

experimental and theoretical research on this important topic to reach a better under-

standing of particles dynamics in turbulence.
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The presented work is structured the following way:

In chapter 2 the theoretical background to hydrodynamics and turbulence is introduced.

Chapter 3 provides the experimental setup and the particles used. The Lagrangian par-

ticle tracking technique is explained in detail in chapter 4, followed by description of

the analysis methods in chapter 5. The result chapter contains several parts. Char-

acteristic properties of the turbulent flow are presented in section 6.2. We start the

consideration of the particle’s dynamics in section 6.3 with single-point statistics of

the particles and the flow. Afterwards in section 6.4, we focus on two-point statistics

between particle and flow. Results of the rotation measurements are discussed in sec-

tion 6.5 and linked to two-point statistics in section 6.6.

A summary of the results and an outlook is given in section 7.
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Chapter 2

Theoretical background

In this chapter, we present the theoretical background needed to understand the com-

plexity of turbulence itself and the dynamics of particles in a turbulent flow. We

start with the governing hydrodynamical equations, namely the continuity equation,

denoting the conservation of mass, and the Navier-Stokes equations, describing every

arbitrary flow. Afterwards the issues in solving these equations and the source of turbu-

lence are discussed, followed by Kolmogorov’s theory from 1941 that allows to describe

turbulence by statistical means. We introduce particles in turbulence by regarding

the dynamics of ideal point-like particles with equal density as the flow. Equations

that were developed to model the dynamics of particles deviating from the ideal case

by either density mismatch or finite size are presented. Numerical and experimental

results are compared to show the limitations of these model equations. We present

the newest theoretical and experimental investigations on the dynamics of finite-size,

neutrally buoyant particles and point out the necessity of our experiment carried out

in this study.

The following background on hydrodynamics is mostly based on the books of Batche-

lor (1967) and Wieghardt (2005). The section on turbulence is based on Pope (2000),

Frisch (1995), Monin and Yaglom (1975) and Davidson (2004).

2.1 Hydrodynamics

2.1.1 Continuity equation - conservation of mass

As in classical physics, we require the conservation of mass. This means, the change of

mass of a distinct fluid volume has to be equal to the mass flow through its boundaries.

For a volume V with a surface S (surface element dS pointing in direction of outward
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normal vector) and a total mass m =
∫
V
ρ dV where ρ is the density of the fluid, we

get
d

dt

∫

V

ρ dV =

∫

V

∂

∂t
ρ dV =

∫

S

ρu dS (2.1)

where u is the flow velocity through the surface. With Gauss’ law we can rewrite the

right hand side in terms of an volume integral.

∫

V

∂

∂t
ρ dV = −

∫

V

∇(ρu) dV

⇔
∫

V

[
∂

∂t
ρ+∇(ρu)

]
dV = 0

(2.2)

The volume can be an arbitrary one, thus eq. (2.2) can be written locally as:

∂ρ

∂t
+∇(ρu) = 0 (2.3)

With ∇(ρu) = u · ∇ρ+ ρ · ∇u, we get

∂ρ

∂t
+ u · ∇ρ+ ρ · ∇u =

dρ

dt
+ ρ · ∇u = 0 (2.4)

In our experiments, we will study incompressible flows with ρ= const. The conserva-

tion of mass for incompressible flows is then.

∇u = 0 (2.5)

2.1.2 Euler equation - conservation of momentum

After the conservation of mass, we now focus on the momentum. We consider a small

box with volume V , edges of length ∆x and calculate the forces acting upon it (see

fig. 2.1). In the simplest case only pressure and inertial forces apply and no momentum

is consumed. To conserve the momentum both forces have to be equal. For one

components implies that:

Fpressure︷ ︸︸ ︷
−∆pi · (∆x)2 =

Finertial︷ ︸︸ ︷
ρ(∆x)3

d

dt
ui

⇔ − ∆pi
∆x

= ρ
d

dt
ui

(2.6)
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Figure 2.1: Sketch of pressure p acting on the box with edges ∆x

Assuming infinitesimally small sizes leads to

ρ
d

dt
u(x, t) = −∇p (2.7)

This formula can be expanded by using the expression for the total derivative d
dt
φ(x, t)

of an arbitrary field depending only on position and time. It is

d

dt
φ(x, t) =

∂

∂t
φ(x, t) +

∂

∂x
φ(x, t)

∂x

∂t

=

[
∂

∂t
+ u(x, t) · ∇

]
φ(x, t) (2.8)

where the term in squared brackets is called the comoving or substantial time derivative.

Introducing eq. (2.8) in eq. (2.7) yields

ρ

(
∂

∂t
+ u(x, t) · ∇

)
u(x, t) = −∇p (2.9)

This equation is known as the Euler equation that expresses the conservation of mo-

mentum. Further considerations of viscous forces acting on the volume V will introduce

more terms and finally lead to the Navier-Stokes equation. The derivation is presented

in the following section.

2.1.3 Navier-Stokes Equations

The equation for conservation of momentum (eq. 2.9) can be improved by refining the

external forces term. One distinguishes two different forces. Normal and shear forces

act on the surface of V and volume forces affect the mass of V . Below, the normal and
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Figure 2.2: Sketch of the stress tensor τij ; the first index i denotes the surface normal the
stress is acting on, the second index j denotes the direction the stress is acting along. The
derivative part of the stress tensor in the expressions for the upper and right side accounts
for the change of stress along the dimensions of the box.

shear stress are denoted by the stress tensor τij with two indices. The first one denotes

the normal of the surface on which the stress force is acting, the second one denotes

the orientation of the force resulting from the stress (see fig. 2.2). Volume forces, e.g.

the gravitation force, are denoted by the term f = (fx, fy, fz)
T . With these expressions,

modification of eq. (2.9) yields

ρ
duj
dt

=
∂τij
∂xi

+ fj (2.10)

Furthermore, the stress tensor τij can be split up into the hydrostatic pressure p and

the deviatoric stress term σij

τij = −p δij + σij (2.11)

In general, the stress tensor σij is a tensor depending on the fluid properties and the

flow. We will focus on so-called Newtonian fluids, e.g. water that we will use in our

experiment. They are characterized by the fact that σij(x, t) is isotropic. It vanishes

for the fluid at rest and depends only on the strain rate at the same point x and at the

same time t. For small strain rates, we can assume that σij(x, t) only depends linearly

on spatial derivatives (∂uk/∂xl). Furthermore σij is a symmetric tensor with σij = σji.

These symmetries, only valid for Newtonian fluids, yield to:

σij = η

(
∂uj
∂xi

+
∂ui
∂xj
− 2

3

∂uk
∂xk

δij

)
(2.12)
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where η is the dynamic viscosity. Introducing eq. (2.11) and eq. (2.12) in eq. (2.10),

we get the Navier-Stokes equations (eq. 2.13) that describes the full motion of a fluid.

ρ
duj
dt

= − ∂p

∂xi
δij + η

∂2uj
∂x2i

+ fj

⇒ ρ

(
∂u

∂t
+ u · ∇

)
u = −∇p+ η∆u + f (2.13)

2.1.4 Reynolds number

The Navier-Stokes equations (eq. 2.13) and the continuity equation (eq. 2.5) present

together 4 partial non-linear differential equations of 2nd order for the 4 unknown

quantities u and p. Due to the non-linearity of the Navier-Stokes equations and the

global pressure term included, it is difficult to solve it analytically as well as numer-

ically. It is convenient to write the Navier-Stokes equations in a dimensionless form.

Furthermore this allows direct comparison of various flows.

Introducing a characteristic length scale L and a velocity scale U , one can set up the

following dimensionless parameters.

x∗ =
x

L , t∗ = t
U
L , p∗ =

p

ρU2
, u∗ =

u

U (2.14)

Inserting these expressions into eq. (2.13) and neglecting the volume force f , yields

(
∂u∗

∂t∗
+ u∗ · ∇

)
u∗ = −∇p∗ +

1

Re
∆u∗ (2.15)

where Re is the so-called Reynolds number, defined as

Re ≡ ρUL
η

=
UL
ν

(2.16)

with ν = η/ρ denoting the kinematic viscosity. When boundary conditions and Reynolds

number of different hydrodynamical setups coincide, they develop the same flow charac-

teristics. Furthermore, the Reynolds number indicates the ratio between the magnitude

of inertia forces arising from u · ∇u and the viscous forces denoted by ν∆u. For suf-

ficiently high Reynolds number and large scales, the flow is dominated by inertia and

the damping of the viscous forces are negligible. What happens in this regime will be

described in the following sections.
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2.2 Introduction to Turbulence

For any flow, the Navier-Stokes equations are subject to initial conditions and bound-

ary conditions. Considering a small Reynolds number flow, the viscous term of the

Navier-Stokes equations dominates. Consequently, small perturbations generated by

the boundaries or body forces acting on the fluid are damped out, and steady-state

solutions of the Navier-Stokes equations will predominate (only if the boundary con-

ditions are not time dependent). Stationary streamlines are the result. This kind of

flow is called laminar, since the flow can be imagined as fluid lamina gliding along each

other without interference.

For increasing Reynolds number, small perturbations are not damped out any longer

by the viscous term on the right hand side in eq. (2.13) and the laminar flow is unsta-

ble. It breaks up into eddies of different size which are advected with the large scale

flow. This leads to a chaotic system, both in space and in time, called turbulence.

As consequence, in the turbulent regime, mixing is enhanced as well as the drag force

acting on a body moving with the flow.

To describe a turbulent flow, the velocity field u(x, t) is decomposed into the mean

flow 〈u(x, t)〉 and its turbulent fluctuations u′(x, t).

u(x, t) = 〈u(x, t)〉+ u′(x, t) (2.17)

where the mean flow is determined by

〈u(x, t)〉 =
1

T

t+T∫

t

u(x, t)dt (2.18)

and

〈u′(x, t)〉 = 0. (2.19)

The time interval T is chosen to be sufficiently large, so that 〈u(x, t)〉 becomes inde-

pendent of it. We will use this later, in the analysis of our data. The separation of

average and fluctuations in eq. (2.17) is called Reynolds decomposition.

2.2.1 Energy cascade

A central concept in the description of turbulence is the energy cascade, first introduced

by Richardson (1922).

Considering a turbulent flow generated by external forcing of the length scale L (e.g.
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Figure 2.3: Schematic picture of the statistical energy cascade of turbulence; Energy is
injected externally at the length scale L and eddies of the same size L occur. These eddies
break up into smaller eddies that break likewise up into smaller ones. No energy is consumed
during this break-up process. The entire energy of the eddies is transferred to the next scale
until the smallest length scale is reached and dissipative processes take place. At this length
scale viscosity is non-negligible and the injected energy is finally converted to heat.

propeller with the diameter L). Eddies of the size L are created by instabilities in the

mean flow. The flow characterized by the Reynolds number Re(L). For sufficiently

high Re(L), these eddies are subject to instabilities as well. They break up into smaller,

unstable structures and the process continues until the structures are small enough that

viscosity dissipates their energy into heat. A schematic picture of the energy cascade

is given in fig. 2.3

The concept of the energy cascade was first introduced by Kolmogorov (1941b) and

individually by Onsager (1945), Prandtl (1945), Weizsäcker (1948) and Heisenberg

(1948) in a useful theory. Prandtl never published his draft paper from 1945. After

Heisenberg and Weizsäcker returned from their internment in England 1946, their

calculations brought (conducted 1945) superseded Prandtl’s work (from Bodenschatz

and Eckert (2011)). At least, he mentioned his work in the FIAT report1 (see Prandtl

(1948)).

An important result of formalizing the cascade idea is that energy conservation is valid

for energy transfer down to smaller scales. Thus, the amount of energy transferred

from a length scale to the next per unit mass and unit time (equivalent to power) is

equal for all scales in the energy cascade. Furthermore, the rate of dissipated energy

per unit mass and time, ε, equals the transferred energy.

In his draft paper Prandtl (1945) (see also Bodenschatz and Eckert (2011)) considered

a turbulent eddy (bale of turbulence, see fig. 2.4) of size L (that he equated with a

1Field Information Agency, Technical Reports - reports on the status of the german research and
development during the second world war initiated by the Allies.
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L

U
turbulent eddy
(bale of turbulence)

Figure 2.4: Schematic picture of a turbulent eddy of size L and with the characteristic
velocity U . Prandtl imagined such a bale of turbulence in his consideration of the turbulent
energy cascade by Richardson.

mixing length) and with characteristic velocity U . A typical time scale, called the eddy

turn-over time, is then

T ∼ LU . (2.20)

The eddy described above contains the energy per unit mass E = U2. Prandtl derived

that the energy transferred from the largest scale to smaller scales per unit mass and

unit time is

ε ∼ U
3

L (2.21)

Furthermore, Prandtl used eq. (2.21) to equate the transferred energy per unit mass

and time with the dissipated energy at the smallest scales. Thereby he was able to

derive an equation for the smallest length scale. Independently of that Kolmogorov

(1941b) stated, as we will see in section 2.2.2 , that the size of the smallest eddies only

depends on the viscosity of the fluid and the energy transfer rate. This length scale is

called the Kolmogorov length scale depicted by η (fig. 2.3). Eddies with sizes in the

intermediate range, L > r > η, show a statistical behavior that depends only on the

energy transfer rate ε. This range is also called inertial range and its characteristic

scale is the Taylor microscale λ (fig. 2.3).

2.2.2 Kolmogorov’s hypotheses

As mentioned in the previous section, Kolmogorov (1941b) postulated fundamental

properties of turbulent flows based on Richardson’s idea of the energy cascade. Due to

the big impact of his results on the turbulence community, his work is referred to as

K41. The three following hypotheses are the base of Kolmogorov’s theory.

hypothesis of local isotropy:

In any turbulent flow with a sufficiently high Reynolds number, small scale motions

in turbulence are statistically isotropic.

first similarity hypothesis:



2.2 Introduction to Turbulence 21

Is the turbulent flow locally isotropic, the statistics of small scale motions have a

universal form determined only by the energy dissipation rate ε and the viscosity ν.

second similarity hypothesis:

Statistics of intermediate scale motions (η� r� L) have a universal form which is

uniquely determined only by the characteristic length r and energy dissipation rate

ε.

These hypotheses can be used to derive parameters that describe the flow. The smallest

scales of motion occur when the viscous forces are of the order of the inertial force.

This is the case for Re= 1. Using the first similarity hypothesis and the result of the

energy cascade ε∼ u3η/η (see eq. (2.21)), one can define the smallest length scale η, the

smallest velocity scale uη and the smallest time scale τη.

1 = Re =
ηuη
ν

=
η4/3ε1/3

ν

⇒ η =

(
ν3

ε

)1/4

(2.22a)

⇒ uη = (εν)1/4 (2.22b)

⇒ τη =
η

uη
=
(ν
ε

)1/2
(2.22c)

η, uη and τη are generally referred to as Kolmogorov scales.

The ratios between the biggest and the Kolmogorov scales can be expressed in terms

of Re.

η/L ∝Re−3/4 (2.23a)

uη/U ∝Re−1/4 (2.23b)

τη/T ∝Re−1/2 (2.23c)

with T = L/U the time scale of the flow, respectively of the largest eddies, (see

eq. (2.20)). An obvious result of eq. (2.23) is that the Reynolds number measures

the relation between the biggest and the smallest scales in the flow. As we dis-

cussed in section 2.2.1 an intermediate length scale exists. For the separation be-

tween the largest scale and this inertial, Taylor microscale another dimensionless pa-

rameter is defined. It is called the Taylor-scale Reynolds number Rλ. Analogous to

eq. (2.16) it is defined as Rλ = u′λ/ν where u′ is the fluctuating velocity of the flow,

u′ =
√

(〈u2x〉+ 〈u2y〉+ 〈u2z〉)/3, and λ is the Taylor microscale. In turbulence research
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it is common to us Rλ instead of Re to measure the strength of turbulence. It can be

shown that the link between both parameters is the following:

Rλ =

√
15u′L

ν
=
√

15Re (2.24)

2.2.3 The Kármán-Howarth equation

So far, the description of turbulence is rather qualitatively. In the following, we focus

on the quantitatively methods to describe turbulence. Due to the chaotic motion of

turbulence, mentioned in section 2.2, predictions for one particular point in time can

not be made. Instead, statistical quantities are used to describe turbulent flows. An

important function in turbulence theory is the velocity correlation function,

Rij(x, r, t) = 〈ui(x, t)uj(x + r, t)〉 (2.25)

where the index i, j refer to one component of the velocity vector u and the brackets

〈·〉 denote the statistical average over independent samples. This function tells wether

the velocity ui at one point x is correlated to uj at another point x + r. We consider

homogeneous isotropic turbulence, with zero mean velocity. Then the velocity u is the

same as the velocity fluctuation and the correlation function is independent of x. A

consequence of isotropy is that Rij can be expressed by two scalar functions f(r, t) and

g(r, t).

Rij(r, t) = u2(g(r, t)δij + [f(r, t)− g(r, t)]
rirj
r2

) (2.26)

Rotating the coordinate system so that r points along the x-axis, f and g can be

identified as the longitudinal and transverse correlation functions, respectively. Due to

the continuity equation, it is ∂Rij/∂rj = 0. This allows to link f and g to each other.

g(r, t) = f(r, t) +
1

2
r
∂

∂r
f(r, t) (2.27)

As result, the correlation tensorRij(r, t) is completely determined by the scalar function

f(r, t).

von Kármán and Howarth (1938) derived an evolution equation for the longitudinal

correlation f(r, t) from the Navier-Stokes equations (see eq. (2.13)). We follow this

way, by applying the Navier-Stokes equations (we neglect the external force term) to

ui and u′j, respectively, where x′ = x+r and u(x′) = u′. Multiplying the first equation
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with u′j, the second with ui, adding the two and averaging, yields:

∂

∂t

〈
uiu
′
j

〉
= −

〈
ui
∂u′ju

′
k

∂x′k
+ u′j

∂uiuk
∂xk

〉
− 1

ρ

〈
ui
∂p′

∂x′j
+ u′j

∂p

∂xi

〉

+ ν
〈
ui∇2

x′u
′
j + u′j∇2

xui
〉 (2.28)

By rotating the coordinate system as above and due to homogeneity and isotropy this

equation can be simplified. The pressure term can be neglected due to isotropy and

the continuity equation. Expressing the correlation tensors by their longitudinal scalar

representatives yields:

∂

∂t
[u2r4f(r, t)] = u3

∂

∂r
[r4K(r, t)] + 2νu2

∂

∂r

[
r4
∂

∂r
f(r, t)

]
(2.29)

where f(r, t) is the longitudinal velocity correlation function, K(r, t) is the longitudinal

triple velocity correlation function that is calculated analogous to f(r, t) with three

velocities. u is the fluctuating velocity. Equation (2.29) is the von-Kármán-Howarth

equation. Since it is a relation between two unknown functions, it cannot be used to

determine the form of them. Nevertheless, it is of interest because important aspects

of isotropic turbulence can be extracted from it.

2.2.4 Structure functions

Another important statistical quantity of turbulence are the velocity structure functions

that allows to make predictions on e.g. the energy dissipation. Again K41 can be

used to determine these functions. By definition, the second-order Eulerian velocity

structure function is the covariance of the difference in velocity between two points,

located in x + r and x, at the same time t:

Dij(r,x, t) ≡ 〈[ui(x + r, t)− ui(x, t)][uj(x + r, t)− uj(x, t)]〉 (2.30)

where the index i, j refer to one component of the velocity vector u and the brackets

〈·〉 denote the statistical average over independent samples. As in the previous section,

assuming local isotropy leads to Dij(r,x, t) → Dij(r, t) for separations r ≡ |r| � L.

Thus, eq. (2.30) can be split up into the longitudinal second order structure function

DLL and the transverse, or normal, second order structure function DNN .

Dij(r, t) = DNN(r, t)δij + [DLL(r, t)−DNN(r, t)]
rirj
r2

(2.31)
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Figure 2.5: Sketch of DLL and DNN . The two fluid elements, indicated by the blue dots,
have a vleocity V1 and V2 and are separated by the vector r. The longitudinal second order

structure function DLL is derived with the component (V
‖
1 and V

‖
2) of the velocities parallel

to r while the normal second order structure function is created with the component (V⊥1
and V⊥2 ) of the velocities normal to r.

A schematic picture of these relations is displayed in fig. 2.5.

Analog to eq. (2.27) we can link DLL and DNN to each other.

DNN(r, t) = DLL(r, t) +
r

2

∂

∂r
DLL(r, t) (2.32)

According to the first similarity hypothesis of Kolmogorov, Dij is uniquely determined

by ε and ν. The quantity (εr)2/3 has the unit [m2/s2] and can be used to create a

non-dimensional second-order structure function D̂LL(r/η).

DLL(r) = (εr)2/3 D̂LL(r/η) (2.33)

For larger r/η – in the inertial range – the second similarity hypothesis declares that

DLL is independent of ν. Since η is a function of ε and ν as well, D̂ cannot depend on

r/η . This implies, D̂ = const≡ C2. Experiments have been carried out to determine

its value which is approximately C2 = 2.1 (see Sreenivasan (1995)). Using that in

eq. (2.33) and eq. (2.32) gives

DNN(r) =
4

3
DLL(r) =

4

3
C2(εr)

2/3 (2.34)
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With eq. (2.34) we got a tool to determine the energy dissipation rate by measuring

the compensated second-order structure functions.

ε(r) ≈
(
DLL

C2

)3/2
1

r
=

(
3DNN

4C2

)3/2
1

r
(2.35)

For sufficiently turbulent flows, eq. (2.35) shows a plateau in the inertial range. We

will use this technique later in section 6.2 to estimate the energy dissipation rate of

our experiments.

2.2.5 Kolmogorov’s 4/5-law

Generally the Eulerian longitudinal velocity structure function of order n is defined as

Dn = 〈[vL(x + r, t)− vL(x, t)]n〉 (2.36)

where L denote that it is about the longitudinal velocities. Assuming local isotropy,

the structure functions can be expressed in terms of longitudinal correlation functions

(see section 2.2.3). For the second- and third-order longitudinal structure function, it

is:

DLL(r, t) = 2[f(0, t)− f(r, t)] and DLLL(r, t) = 6K(r, t)) (2.37)

where f(r, t) is the longitudinal correlation function and K(r, t) is the longitudinal

triple correlation function. In isotropic turbulence, the correlation functions fullfill

the von Kármán-Howarth equation. For sufficient high Reynolds numbers and r�L,

DLL(r, t) and DLL(r, t) do not depend explicitly on t and are determined by ε and ν.

We substitute the correlation function in the von Kármán-Howarh eq. (2.29) by the

structure functions. Using ∂DLL/∂t = 0 and ∂f(0, t)/∂t = 2/3 ·d/dt(uiui/2) = −2/3 ε,

it yields:

− 2

3
ε =

1

6

[
dDLLL(r)

dr
+

4DLLL(r)

r

]
− ν

[
d2DLL(r)

dr2
+

4

r

dDLL

dr

]
(2.38)

which is valid for r�L. Multiplication by r4 and integration with respect to r leads

to:

DLLL(r)− 6ν
dDLL(r)

dr
= −4

5
εr (2.39)

This equation was first found by Kolmogorov (1941a). According to the second simi-

larity hypothesis in section 2.2.2, in the inertial range (r� η and r�L) viscosity does
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not play a role. Thus in eq. (2.39) the viscous term can be neglected and results in

DLLL(r) = −4

5
εr for η � r � L (2.40)

This equation is also known as Kolmogorov’s four-fifth law. Via the von Kárman-

Howarth equation, it is the only turbulent quantity directly derived from the equations

of motion (Navier-Stokes eq. (2.13)).

2.3 Particles in turbulence

The motion of rigid spherical particles in a turbulent flow has been a research topic for a

long time. The flow field of a rigid sphere in translative motion was first determined by

Stokes (1851). Basset (1888), Boussinesqu (1903) and Oseen (1927) studied the settling

of a sphere forced by gravity in a fluid at rest. Tchen (1947) developed an equation for

a rigid sphere moving in an inhomogeneous flow. Corrsin and Lumley (1956) identified

some errors and improved Tchen’s equation. The equation that is generally accepted

today was obtained by Maxey and Riley (1983) and Gatignol (1983) simultaneously.

The simplest case of a particle in a turbulent flow is the ”theoretical” passive tracer,

with the same density as the fluid and with negligible size. Such a particle takes on the

velocity of the surrounding fluid, instantaneously adapting to any changes in the flow

velocity. If the flow velocity is described by u and the position of a particle at time t

by xp(t), then the passive tracer assumption implies that xp satisfies the equation:

dxp
dt

(t) = u(xp, t) (2.41)

This assumption forms a good approximation in a number of cases that are interesting

if one wants to study the flow field, e.g. in PIV2, PTV3 or LDV4 measurements.

However, there are many situations where it does not hold, particles fail to follow

the flow and are affected by so called inertial effects. There are two reasons for this

behavior. If they have a density different from the surrounding fluid, they take a finite

time to respond to flow accelerations and are affected by buoyancy or gravitational

force. On the other hand, particles with a distinct size, even if they are neutrally

buoyant, experience inertial effects since the flow stresses are averaged over the particle

2PIV: particle image velocimetry
3PTV: particle tracking velocimetry
4LDV: laser doppler velocimetry
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surface. Accordingly, simply choosing particles of the same density as the fluid does not

imply that the particles will faithfully follow the flow. In the following sections we will

consider particles that differ from the passive tracer case and discuss the theoretical

and experimental work that have been done to describe their dynamics in a turbulent

flow. Finally we draw conclusion to show the necessity of our experimental work for

the understanding of the dynamics of finite-size particles in turbulence.

2.3.1 Point-particle and Stokes number

The first theoretical approach to the motion of point-like particles (particle size tends

to zero, dp→ 0, where dp is the particle diameter) and with a small relative velocity to

the fluid was done by Stokes (1851). He derived an expression for the frictional force

acting on particles with vanishing size in a viscous flow. This force is also known as

Stokes force and leads to the simplest expression of the motion of a point-like particle.

mp
dvp

dt
=

Stokesforce︷ ︸︸ ︷
−3πdpνρf [vp − u(xp, t)] (2.42)

where mp is the mass of the particle, vp ≡ vp(xp, t) is its velocity at the position xp

and at time t, dp is its diameter, ν is the kinematic viscosity of the fluid, ρf is the fluid

density and u is the fluid velocity at the position of the particle xp(t). Equation (2.42)

can be rearranged by using mp = 1/6πρpd
3
p, where ρp is the density of the particle.

This yields to:

dvp
dt

= −
(
ρf
ρp

)
18ν

d2p
[vp − u(xp, t)]

⇒ dvp
dt

=
1

τp
[u(xp, t)− vp] (2.43)

with the definition

τp ≡
(
ρp
ρf

)
d2p

18ν
(2.44)
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where τp is the particle response time. Furthermore the ratio of the particle response

time τp and the Kolmogorov time scale τη =
√
ν/ε = η2/ν is called the Stokes number

St ≡ τp
τη

=
1

18

(
ρp
ρf

)(
dp
η

)2

(2.45)

where η is the Kolmogorov length scale. The Stokes number compares the fastest

timescale of a turbulent flow, τη, to the response time τp of a ”stokesian” particle.

When St� 1, the particle can be considered to be a tracer particle. Its response time

is smaller as the one of the turbulent flow and it follows the dynamics of the fluid.

If St� 1, the particle response time is bigger as the one of the flow. Therefore the

particle cannot adopt the dynamics of the flow and shows a different behavior. The

Stokes number is thought to capture both size and density effects on the particle’s

dynamics. However, one has to keep in mind that up to here dp only accounts for

a ”virtual” particle size since the particles described by this model are still assumed

to be point-like. In eq. (2.45), particular Stokes numbers can be realized by several

combinations of particle-to-fluid density ratio and particle size. This is also presented

in fig. 2.6. The two-dimensional map of particle-to-fluid density ratio and particle size

shows ranges of equal Stokes number. Additionally markers of studies conducted in

the last years to investigate particles dynamics are plotted. Our experiment is depicted

by the green triangle at ρp/ρf = 1 and D/η = 100. Particles of equal Stokes number

are meant to develop the same dynamics. However they do not, as we will see in the

following sections. Therefore, covering density and size effects on the particle dynamics

only by the Stokes number is not sufficient. Instead, both particle density and size have

to be considered individually.

Before we focus on that aspect, we present models for the dynamics of particles and

discuss experimental work which has be done on that field to highlight limitations of

these model equations.

2.3.2 Maxey-Riley equation for point-like particles

Point-like particles with a density smaller or larger than the surrounding fluid show

completely different dynamics than passive tracers. While heavy particles (ρp > ρf ) are

pushed out of vortex regions and show preferential concentration in strain dominated

regions (see Wood et al. (2005) or Gibert et al. (2010b)), light particles (ρp < ρf ), e.g.

bubbles, are trapped in vortex regions. To capture all forces acting on a point-like
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Φ=D/η
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ρ p/ρ
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Figure 2.6: Overview of recent experiments studying the dynamics of particles in turbulence;
the background color and solid lines with values picture regions of equal Stokes number
ST = τp/τD. The particle response time τp has been corrected for added mass and for finite
Reynolds number effects according to Clift et al. (1978). τD denotes the flow eddy turnover
time at the scale of the particle diameter D. The present study is depicted by the green
triangle. ρp denotes the particles’ density, ρf is the density of the surrounding fluid, D is
the particles’ diameter and η describes the Kolmogorov length scale. Obviously different
combinations of the density-ratio ρp/ρf and particle diameter D/η lead to the same Stokes
number. Experiments showed that particles with the same Stokes number lead to different
results in the dynamics of the particles (see section 2.3.4). Many thanks to M. Bourgoin for
providing the data for this plot.
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particle in a turbulent flow, Maxey and Riley (1983) developed simultaneously with

Gatignol (1983) a model for it. This model is known as the Maxey-Riley-Gatignol

(MRG) equation (eq. (2.46)).

mp
dvp
dt

= mf
Du

Dt
(xp, t) + 3πdpνρf [u(xp, t)− vp] +

1

2
mf

(
Du

Dt
(xp, t)−

dvp
dt

)

+ (mp −mf )g +
3

2
d2pρf
√
πν

t∫

0

(
d[u(xp, t)− vp]

dτ

)
dτ√

(t− τ)

(2.46)

where mp is the mass of the particle, vp(xp, t) is its velocity at position xp and time t,

mf is the mass of the displaced fluid, u(xp, t) is the fluid velocity at the position of the

particle at time t, dp is the particle diameter, ν is the kinematic viscosity of the fluid,

ρf is the fluid density and g is the gravitational acceleration. Considering the terms

on the right hand side of eq. (2.46). The first is the acceleration of the fluid element

at the position of the particle that represents the force exerted on the particle by the

undisturbed flow. The second term is the known Stokes force (see eq. (2.42)). The third

term is called the added-mass term, which accounts for the displacement of a certain

amount of fluid when the particle moves relative to the fluid. As result, the particle

behaves as if it has additional mass. The fourth term represent the buoyancy force and

the last term is called the Basset-Boussinesq history force. It describes the fact that

the vorticity diffuses away from particle due to viscosity (Basset, 1888; Boussinesq,

1885).

The Basset-Bousinesq history force can be computationally very costly, because the

integral in the force term has to be computed at each time-step on the entire particle’s

history. Furthermore the diffusive kernel ∼ (t − τ)−1/2 has a slow decay and requires

a long memory time. But in the limit of particle size smaller than the Kolmogorov

length scale η, the Basset-Boussinesq history force gives a much smaller contribution

as the viscous drag. Hence, in the case of the point-particle assumption numerisists

often reduce eq. (2.46) by neglecting the Basset-Boussinesq history force. Additionally

neglecting the buoyancy force reduces eq. (2.46) to:

mp
dvp
dt

= mf
Du

Dt
+ 3πdpνρf [u− vp] +

1

2
mf

(
Du

Dt
− dvp

dt

)

⇒ dvp
dt

= β
Du

Dt
+

1

τp
(u− vp) (2.47)



2.3 Particles in turbulence 31

Experiments Experiments

Numerical
simulations

Numerical
simulations

Figure 2.7: From Volk et al. (2008); Experimental (top) and numerical (bottom) results on
the dynamics of 4 different particle species. Differences between experiments and numerics
arise from spatial filtering effects due to the finite-size of the particles. Finite-size effects are
not captured by the minimal model equation (2.47).

with β = 3ρf/(ρf +2ρp) and τp = d2p/(12νβ). Equation (2.47) is known as the minimal-

model equation that is widely used by numerisists. In this case τp is based on the

added-mass factor β. Therefore, the Stokes number is different to eq. (2.45) and based

on β as well. It is St = τp/τη = 1/(12 β) · (dp/η)2.

Volk et al. (2008) compared results for the acceleration of heavy and light particles

in turbulence gained from experiments and direct numerical simulations. Figure 2.7

shows some of their results. 4 different species of particles were studied in a vertical von-

Kármán flow with Rλ = 850: tracer particles (β ≈ 1, St= 0.24 and dp ≈ η) to describe

the flow field, neutral buoyant particles (β ≈ 1, St= 16 and dp ≈ 15η), heavy particles

(β = 0.8, St= 0.58 and dp ≈ 2η) and bubbles (β = 3, St= 1.8 and dp ≈ 10η). The ex-

perimentally measured acceleration distribution (left) and autocorrelation (right) for

the 4 species of particle are shown in fig. 2.7 (top). The acceleration PDFs normal-

ized by their variance are similar for moderate acceleration values (≤ 10 arms). The

probability of high accelerations (> 10 arms) seems to be reduced for all three inertial

particles (neutral, heavy, light) compared to the tracers. Significant changes with in-
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ertia can be also noticed for the autocorrelation. The characteristic time of decay is

longer for neutrally buoyant and heavy particles and shorter in the bubble case.

Direct numerical simulations with Rλ = 180 were carried out using eq. (2.47) to com-

pute the dynamics of the particles. No significant dependency of the probability density

function on the Reynolds number was found in earlier investigations. Thus the results

can be compared to each other. The numerical acceleration PDFs (see fig. 2.7 (bottom-

left) show reduced probability of higher accelerations (> 5 arms) for the heavy particles

and increased probability for bubbles. This behavior is different to the experimental

results. Furthermore, the changes in the autocorrelation function for heavy and light

particles agree with the experimental findings, but the curve of neutral particles is

almost undistinguishable from the tracer case. This is another significant difference to

the experimental results.

The differences between the numerical and experimental results arise from the finite

size of the particles used in the experiments. The size of the heavy particles is of the

order of η and their experimental and numerical results are almost the same. Com-

pared to that, the size of the bubbles and neutral particles is clearly bigger. However,

the minimal model equation (2.47) captures only a ”virtual” size. In the experimental

results, the real finite size of the particles shifts the acceleration autocorrelation to

lower values for bubbles and to higher values for large neutral particles respectively.

Furthermore, it reduces the tails of the acceleration PDF for large neutral particles and

bubbles. This effect does not result from a temporal filtering of the particle based on its

response time (captured by the model equation). Tracers and neutral particles (both

neutrally buoyant) with different response times have the same experimental acceler-

ation PDF and the same autocorrelation function (see fig. 2.7 (bottom)). Therefore

the lowering effect in the experimental results is a spatial filtering effect due to the

finite-size of the particles which is not captured in the point-particle model.

Obviously, modeling the dynamics of finite-size particles with the Maxey-Riley equa-

tion (2.46) is limited and an equation that captures finite-size effects is needed.

2.3.3 Faxén corrections to capture finite-size effects

So far inertial effects of the particle in eq. (2.46) can only result from a density mis-

match between the fluid and the particle because the particles were still assumed to be

point-like. To capture finite-size effects, one has to consider the particles as extended

objects. At a particle with a finite size the fluid forces do not act only on its center,

but on its entire volume. Therefore, it is hard to predict how finite-size particles react
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to the fluctuating forces in a turbulent flow. Following the strict way of analyzing their

dynamics would mean, solving the Navier-Stokes equation for the finite size particle

considering the no-slip boundary condition at its surface. However, it exists an ap-

proximative way of modeling these particles. Faxén (1922) modified the Maxey-Riley

equation by corrective terms also know as Faxén corrections. These capture the parti-

cle’s finite-size by averaging the fluid velocity over the surface and the fluid acceleration

over the volume of the particle, respectively. The Maxey-Riley equation (eq. (2.46))

with Faxén corrections is:

mp
dvp
dt

= mf

〈
Du

Dt

〉

Vp
+ 3πdpνρf

(
〈u〉Sp − vp

)
+

1

2
mf

(〈
Du

Dt

〉

Vp
− dvp

dt

)

+ (mp −mf )g +
3

2
d2pρf
√
πν

t∫

0

(〈
Du

Dτ

〉

Vp
− dvp

dτ

)
dτ√

(t− τ)

(2.48)

where 〈u〉Sp and 〈Du/Dt〉Vp denote the Faxén corrections with:

〈u〉Sp =
2

πd2p

∫

S

u(x, t)dS and

〈
Du

Dt

〉

Vp
=

6

πd3p

∫

V

Du

Dt
(x, t)dV . (2.49)

In the limit of particle size much smaller than the Taylor microscale λ, the averages

in eq. (2.49) can be approximated by a Taylor expansion of the fluid velocity in the

vicinity of the particle center (see Hohmann and Bec, 2010).

One should keep in mind that although the Maxey-Riley equation with Faxén correc-

tions is meant to capture inertial effects due to particle size, it is still a one way coupled

model. This means, it only models the action of the flow on the particle, but does not

consider the interaction of the ball on the fluid.

The minimal-model equation (2.47) can be expressed as well in terms of Faxén correc-

tions. It is:
dvp
dt

= β

〈
Du

Dt

〉

Vp
+

1

τp
(〈u〉Sp − vp) (2.50)

To investigate the role of the Faxén corrections on the dynamics of finite-size particles

in a turbulent flow, Calzavarini et al. (2009) carried out direct numerical simulations

with Taylor scale Reynolds number Rλ = 180 and Rλ = 75. The particles studied have a

density ratio ρp/ρf in the range [0.1; 10] and a size D/η in the range [2, 50]. They com-

pare their measurements to experimental results of Qureshi et al. (2007) with Rλ = 160

and Voth et al. (2002) with Rλ = 970. In fig. 2.8 the acceleration PDF is presented.
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Figure 3. (top) Comparison of probability density functions of acceleration normalized by its
rms value, from EXP Qureshi et al. (2007) at Re! = 160 and DNS at Re! = 180. (bottom)
One component acceleration flatness F (a) = !a4

i "/!a2
i "2 versus the normalized particle diameter,

D/!, from the same experiment and DNS at two di!erent Reynolds numbers.

larger particles have less intermittent acceleration statistics, see Figure 3 (top). However,
the shape of the PDF in the limit of large particles D ! 30! shows a good similarity.
To better visualize di!erences, in Figure 3 (bottom), we show the flatness F (a) vs.
particle diameter for DNS and experiments. As already observed, the FC model leads
to decreasing intermittency for bigger neutral particles, and in the asymptotic limit
(D " L) to Gaussian distribution; also acceleration flatness is an increasing function
of Re!. Qureshi and coworkers’ experiment on the other hand shows a D-independent
behavior around F (a) = 8.5. A further possible source of di!erences can be connected to
the variations in the large scale properties of turbulent flows: Experimental tracks come
from a decaying grid-generated turbulence, simulations instead uses volume large-scale
forced flow in a cubic domain without mean flow.

4.3. Acceleration time-correlation

Finally, we consider the dynamics of the neutral particles. We study the normalized one-
component correlation function, Caa(") # $ai(t)ai(t + ")%/$a2

i %. In Volk et al. (2008a)
it has been noted that PP model can not account for the increasing autocorrelation
for larger particles. This is understood from equation (1.1): In the large D limit the
drag term is negligible and the acceleration of a neutrally buoyant particle is dominated
by the inertial term Du/Dt. Therefore the time-correlation of acceleration, Caa("), is
related to the temporal correlation of Du/Dt along the particle trajectory. Because in
the large D limit v &= u (Babiano et al. (2000)), one expects an acceleration correlation

Figure 2.8: From Calzavarini et al. (2009): component-wise acceleration PDF normalized
by its RMS of neutrally buoyant particles (ρf = ρp) of various size. Numerical results with
Rλ = 180 are compared to experimental results with Rλ = 160 measured by Qureshi et al.
(2007)

To prevent Reynolds number effects, the DNS data is compared to Qureshi’s results

only. The experimental data shows a universal behavior for the acceleration PDF nor-

malized by its RMS 〈a2i 〉1/2 in the range of particle sizes dp/η ∈ [12; 25]. The DNS

data, however, shows a different behavior. For increasing particle size, the tails of the

experimental acceleration PDF are reduced.

The behavior of the acceleration RMS as function of the relative particle size D/η

is considered in see fig. 2.9. The acceleration RMS is normalized by the Heisenberg-

Yaglom scaling a0 = 〈a2〉/(ε3/2ν−1/2). Although this scaling has a strong Reynolds

number dependence below Rλ ≈ 300 (see Voth et al. (2002)), the behavior of the DNS

results show a similar behavior as compared to the experimental measurements. In the

inset, the acceleration variance is normalized by the second moment of the fluid tracer

acceleration 〈a2f〉. Thereby, the Rλ dependence is renormalized and good agreement

between the DNS and experimental data can be observed.

As in the previous section 2.3.3 the autocorrelation function is considered in fig. 2.10,

where the normalized one-component correlation function Caa(τ) = 〈ai(t)ai(t+τ)〉/〈a2i 〉
is displayed. One observes that the autocorrelation increases with particle-size. This

trend was also reported in fig. 2.7 (top, right). Due to limited statistics, experimental

data of Qureshi et al. (2007) is not plotted. Therefore, the integral acceleration time

- the integral over time of the positive part of Caa(τ) normalized by the Kolmogorov

time scale τη - is displayed in the inset of figure 2.10. Analog to the experimental data
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Figure 2. One component acceleration variance versus particle size. Acceleration is normal-
ized by the Heisenberg-Yaglom relation, while the particle size is is normalized by the dissipa-
tive scale. DNS results have uncertainty of the order of the symbol size. Data EXP are from
Qureshi et al. (2007), with EXP* measurement from Voth et al. (2002) (Figure 32) – particles
with density contrast !p/!f = 1.06. Inset: !a2"/!a2

f " vs. D/" from the same DNS and EXP*
measurements.

a fluid tracer). This alternate way of looking at the data renormalizes the weak Re!

dependence, providing a good agreement between the DNS and experiments even when
comparing results with one order of magnitude di!erence in Re!.

In a DNS one can estimate the relative weight of the terms contributing to the total
acceleration: the drag and fluid acceleration terms, respectively: aD = (!u"S #v)/!p and
aA = "!Du

Dt "V . It is important to note that in the case of neutrally buoyant particles,
one finds !a"rms $ !aA"rms with percent accuracy. It indicates that the observed e!ect -
decrease of particle acceleration variance for increasing particle diameter - comes uniquely
from volume averaging of fluid acceleration at the particle position. The drag contribution
is sub-leading at all D values (from few percent up to 15% of total acceleration variance);
it just contributes to compensate the aDaA correlations. Stated di!erently, one can say
that the acceleration of a finite-size neutrally buoyant particle is essentially given by
!Du/Dt"Va = !% · ! + fe"Va $ 1

3a !! · n"Sa , where ! is the stress tensor, n a unit
norm vector pointing outward the sphere and fe the external large-scale forcing whose
contribution !fe"Va $ 0 is negligible at the particle scale. One expects the situation to be
di!erent for particles whose density does not match that of the fluid.

Our simulations are consistent with the a0 & D!2/3 scaling which has been proposed on
the basis of dimensional arguments rooted on Kolmogorov 1941 turbulence phenomenol-
ogy without special assumptions on particle dynamics (Voth et al. (2002); Qureshi et al.
(2007)); however at Re! = 180 the scale-separation is still too limited to observe a true
scaling range.

4.2. Acceleration probability density function

The second quantity under study is the acceleration probability density function. Here,
to cope with Re! e!ects, one compares only the two most similar data sets: the DNS
at Re! = 180 and the experiment at Re! = 160 Qureshi et al. (2007). Experiments
have revealed a universal behavior for acceleration PDF normalized by !a2

i "1/2 in the
size-range D = 12 # 25#. DNS instead shows a systematic di!erence in the their trend:

Figure 2.9: From Calzavarini et al. (2009): acceleration RMS normalized by the Heisenberg-
Yaglom formula a0 = 〈a2〉/(ε3/2ν−1/2) for neutrally buoyant particles of various relative sizes
D/η. Inset : Rescaling of the acceleration RMS by the fluid tracer acceleration RMS. Thereby
Reynolds number influences are eliminated.
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0
Caa(! ) d! with T0 the zero-crossing time Caa(T0) = 0, versus particle diameter.

Symbols: (!, !) for DNS at Re! = (75, 180), data (+) from experiments at Re! = 160.

time which is equal or even shorter than the one of a fluid tracer. This is confirmed by our
numerics based on the PP equation (1.1). In the FC model instead, the averaged quantity
!Du/Dt"Va dominates the particle’s acceleration and so its time correlation Caa(!). In
Figure 4 we show that simulations based on Eq. (1.4) display increasing correlation
time for bigger particles, as observed in experiment (Volk et al. (2008a), although at
much larger Re! values). A detailed comparison of Caa(!) curves coming from DNSs
with experiments by Qureshi and coworkers is at present not possible, because of limited
statistics. Therefore, we examine integral quantities such as an integral acceleration time,
TI . Since by kinematic constraint the time integral of Caa(!) for a small tracer is zero, we
define TI as the integral over time of the positive part of Caa(!); this choice proves to be
stable in the experiments and weakly dependent on the unavoidable (gaussian) smoothing
of noisy data sets (see Volk et al. (2008b)). The result of this analysis is reported in figure
4 (inset). The order of magnitude of TI/!", which is very near unity, as well its increasing
trend with D qualitatively confirms the prediction of the FC model at similar Reynolds
number. Using DNS results, it is also interesting to note that this time decreases with
increasing Reynolds number.

5. Discussion of results and conclusions

We have investigated the origin of several experimental observations concerning neutrally-
buoyant finite-size particle acceleration in turbulent flows and shown the relevance of
Faxén corrections. Faxén terms account for inhomogeneities in the fluid flow at the spatial
extension of the particle. They act as spatial coarse-graining of the surrounding turbulent
flow, in contrast with the drag term which performs a temporal filtering. Numerically, the
spatial average is e!ciently implemented via Gaussian filtering in spectral space. Com-
paring with experimental measurements, the main achievements of the Faxén-corrected
model are: (i) prediction of the reduction of acceleration fluctuations at increasing the
particle size; (ii) prediction of the increasing of acceleration time correlation at increasing
the particle size. Both e"ects originate from the volume average of the fluid acceleration

Figure 2.10: From Calzavarini et al. (2009): autocorrelation function Caa(τ) of DNS data
for various particle sizes of neutrally buoyant particles. Inset : Correlation time (integral over
time of the positive part of the autocorrelation function) for DNS data (green: Rλ = 75; red:
Rλ = 180) and experimental data of Qureshi et al. (2007) with Rλ = 160.
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of Qureshi et al. (2007) (blue), the DNS data shows an increase of the correlation time

for increasing particle size.

To conclude, the Faxén corrections bring improvements in the model of finite-size par-

ticles. The DNS with Faxén corrections predicts both the reduction of acceleration

fluctuations and the increase of the acceleration correlation time for increasing particle

size. Both effects originate from the volume average of fluid acceleration. Nevertheless

the Faxén corrected model doesn’t show an invariant acceleration PDF as the exper-

imental data does. In this sense, some aspects are still not captured by the Faxén

corrected Maxey-Riley equation (2.48). Thus, the question for a model describing the

dynamics of both point-like and finite-size particles for a wider range of sizes remains

still open. In the next section, we will see wether a direct analytical approach to the

dynamics of neutrally buoyant, finite-size particles without using any model equation

will fit to experimental results.

2.3.4 Newest numerical and experimental investigations

Hohmann and Bec (2010) propose a technique for the direct analytical approach to the

motion of neutrally buoyant spherical particles in turbulent flow. The Navier-Stokes

equation (2.13) is supplemented by a non-slip boundary condition at the surface of the

spherical particle. This boundary condition implies that the motion of fluid elements

at the surface of the particle coincide with the particle solid motion. The motion of

the particle is then determined by Newton’s law. Additionally, the sphere rotation rate

has to be considered. It changes according to the conservation of angular momentum.

Hohmann and Bec solve this set of equations (Navier-Stokes, non-slip boundary con-

dition, Newton’s law and sphere rotation rate) using a dynamical pseudo-penalization

technique. That allows them to use a spectral code in order to integrate the Navier-

Stokes equation with proper boundary conditions. To satisfy the non-slip boundary

condition on the surface of the particle, the above mentioned pseudo-penalization con-

sists in imposing a strong drag to the fluid velocity at the particle location, so that it

relaxes quickly to the particle solid motion. Further, the hydrodynamical forces act-

ing on the particle are approximated by Riemann approximations on a homogeneous

grid of discrete points located on the surface of the sphere. The value of pressure at

these points is computed by tri-cubic interpolation and the surface integral of the fluid

velocity gradient is computed by evaluating the average velocity on spherical shells

surrounding the particle. Eight different particle diameters Dp were considered within

the range 2 η to 14 η at a Taylor scale Reynolds number Rλ = 32. They compare their
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Figure 2. Left: acceleration variance of real spheres and of point particles as a function of
the non-dimensionalised particle diameter ! = dp/!; error bars correspond to an estimation of
the standard deviations. The two dotted vertical line indicate the Taylor micro-scale " and the
critical value (2.6) above which point particles deviate from fluid tracers. The dashed curve cor-
responds to the behaviour (2.9) predicted from Faxén corrections. Right: normalised probability
density function of the component-wise particle acceleration for various particle diameter, as
labeled. The bold dashed line on which data almost collapse corresponds to the log-normal fit
(3.1) of experimental data proposed by Qureshi et al. (2007).

lated to that of the fluid pressure integrated over a sphere of diameter dp. The power
!4/3 that is observed here di!ers from the value !2/3, which was measured by Qureshi
et al. However, as already stressed for instance in Bec et al. (2007), pressure scaling in
low Reynolds number flows is often dominated by sweeping, leading to a behaviour of
the pressure increments |p(x + !) ! p(x)| " !1/3. While no scaling of pressure can be
detected in the present simulations, the robustly observed !4/3 law can be explained
with such a sweeping-dominated pressure spectrum. Another observation is that numer-
ics confirm the presence of the threshold (2.6) predicted in the previous section for the
minimal point particle model: indeed the numerical integration of point particles obeying
(2.4) shows that when " < 8, the acceleration variance of the latters is undistinguish-
able from that of tracers. For " > 8, the point particle model gives an enhancement of
acceleration, which is incompatible with measurements done with real particles at the
Reynolds number considered here. This stresses the irrelevance of such a model in the
case of neutrally buoyant particles. Note finally that in the case of tracers, the constant

a0 is known to show a Reynolds number dependence a0 # R
1/2
! (see, e.g., Voth et al.

2002). The measured value of approximatively 1.3 is in good agreement with the value
that was measured experimentally by Qureshi et al. (2007).

Figure 2 (Right) represents the PDF of acceleration components normalised to unity
variances for various values of the particle diameter. As already stressed in Qureshi et al.
(2007), the dependence upon " = dp/" is very weak. Data can be fitted by the function

p(a) =
!
exp

"
3s2/2

#
/

$
4
$

3
%&'

1 ! erf
!$

ln |x/
$

3| + 2s2
%

/
$$

2s
%%(

, (3.1)

which was proposed by Mordant et al. (2004) for the acceleration PDF of fluid tracers.
Numerical results almost collapse to such a distribution with a value of the parameter
s = 0.62, as observed by Qureshi et al. (2007).

Other measurements relate to two-time statistical properties of particles. Figure 3

Figure 2.11: From Hohmann and Bec (2010); Left: acceleration RMS of ”real” spheres
and of point particles normalized by the Heisenberg-Yaglom scaling as function of the non-
dimensionalised particle diameter Φ =Dp/η; Right: acceleration PDF normalized by its RMS
for Φ = Dp/η ∈ (2; 4; 8; 14).

results to numerical simulations with the Faxén corrected Maxey-Riley equation (2.48).

Analog to the inset of fig. 2.9 in the previous section, fig. 2.11 (left) shows the acceler-

ation RMS normalized by the Heisenberg-Yaglom scaling as a function of the relative

particle size Φ =Dp/η. For ”real” particles, one distinguishes between two behaviors.

When Φ ≤ 4, finite-size effects in the acceleration variance are very well captured by

Faxén corrections that predicts a quadratic decay of the acceleration variance. When

Φ ≥ 4, an inertial-range behavior ∝D−4/3p is dominant. This scaling contradicts the

2/3-powerlaw that was measured in fig. 2.9. Hohmann and Bec justify their observa-

tion with a sweeping-dominated pressure spectrum. On the right hand side of fig. 2.11

the acceleration PDF normalized by its variance is presented for various particle sizes.

Instead of reduced tails for larger particle sizes (seen in fig. 2.8 in the previous sec-

tion), one can observe an uniform behavior of the PDFs. They follow a log-normal fit

proposed by Mordant et al. (2004b) for the acceleration PDF of fluid tracers. Mordant

et al. studied the acceleration dynamics of fluid tracers in a vertical von-Kármán water

flow with Rλ up to 690. This fit is

P (x) =
exp(3s2/2)

4
√

3

[
1− erf

(
ln(|x/

√
3|) + 2s2√
2s

)]
(2.51)

with s= 1 being the best fit variance of Mordant et al. (2004b). The log-normal fit in

fig. 2.11 (right) is plotted with s= 0.62 observed by Qureshi et al. (2007) as we will
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flow) seem to confirm this trend [18,19]. However, recent
measurements with finite size (D ! !) weakly inertial par-
ticles (up to 2.5 times denser than the carrier flow) do not
show any significant change of acceleration PDF with in-
ertia [21,22].

In the present article, we report an exhaustive exper-
imental investigation of material particles acceleration in
a turbulent air flow, over a wide range of sizes and densi-
ties. In particular we consider the so far unexplored regime
of finite size (D > !) and highly inertial particles (much
denser than the carrier fluid). We consider a turbulent
carrier flow generated downstream a grid in a wind tunnel
experiment.

The article is organized as follows: in Section 2 we
present the particles parameter space, which describes the
range of particles size and density we have e!ectively ex-
plored; in Section 3 we describe the wind tunnel setup
and the characteristic scales of the carrier turbulent field;
in Section 4 we present the results obtained concerning
particles acceleration statistics; we finally propose a dis-
cussion of these results in Section 5 before concluding in
Section 6.

2 Particles parameter space

The aim of the present work is to explore acceleration
statistics of inertial particles over a wide range of sizes
and densities. In order to do so, we have developed a ver-
satile particle generator which produces in situ adjustable
spherical soap bubbles. Their density can be adjusted from
neutrally buoyant to about 70 times denser than air. Neu-
trally buoyant particles are obtained by inflating the bub-
bles with Helium in order to compensate the weight of
the soap film. Heavier particles are inflated with air, and
their density is essentially controlled by the thickness of
the soap film. In all cases the bubbles Weber number re-
mains extremely small, so that they do not deform and
behave as rigid spheres. The seedingdensity is extremely
low (particles are injected individually) so that particles
can be considered as isolated and do not backreact on the
carrier flow. Particles are therefore only characterized by
two parameters: the ratio " of their diameter D to the
dissipative scale of the flow (" = D/!) and the ratio # of
their density $p to the carrier fluid (air in our case) den-
sity $air (# = $p/$air). Figure 1 summarizes all the par-
ticle classes (in the (", # ) parameter space) that we have
investigated. As far as we know this represents the most
exhaustive exploration over such a wide range of particles
sizes and densities.

3 Experimental setup

Our experiment runs in a large wind tunnel (Fig. 2) with
a measurement section of 0.75 m ! 0.75 m where the
turbulence is generated downstream a grid with a mesh
size of 6 cm and reproduces almost ideal isotropic tur-
bulence. The results reported here were obtained with a
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Fig. 1. Particle classes considered in the present study, de-
scribed in the (!," ) phase space. ! = D/# is the ratio of
particles diameter to kolmogorov scale and " = $p/$air is the
particle to fluid density ratio. The countour lines indicate an
estimation of the particles Stokes number St = %p/%D, where
the response time %p of the particle has been corrected for
added mass and for finite Reynolds number e!ects according
to Schiller and Nauman [4] and %D is the flow eddy turnover
time at the scale of the particle diameter D.

mean velocity of the fluid U = 15 m s!1 and a turbulence
level urms/U " 3%. The corresponding Reynolds number,
based on Taylor microscale, is of the order of R! = 160.
The dissipation scale ! = (%3/&)1/4 is 240 µm (where % is
the kinematic viscosity of air and & the turbulent energy
dissipation rate per unit mass) and the energy injection
scale L is 6 cm. The carrier turbulent field has been charac-
terized using classical hotwire anemometry. In particular,
using a Taylor hypothesis, this gives access to the Eulerian
correlation function and to the 3rd order Eulerian struc-
ture function from which we estimate the integral scale L
and the dissipation rate & respectively.

Particles are individually tracked using 1D Lagrangian
acoustic Doppler velocimetry (see Fig. 2), where the in-
stantaneous Doppler shift is obtained by a maximum of
likelihood parametric algorithm [24–26]. We measure the
streamwise velocity component vz of the particles as they
are tracked along their trajectories. The streamwise ac-
celeration component az is obtained by di!erentiating the
velocity using a convolution with a di!erentiated Gaussian
kernel [27]. Each particle is tracked during approximately
50 ms, which corresponds to several dissipation time scales
'" = (%/&)1/2 " 3.8 ms. For each point in the (", # ) pa-
rameter space we record about 4000 tracks at a sampling
rate of 32768 Hz, giving more than 106 data points per
set.

4 Acceleration statistics

Figure 3 represents acceleration PDFs normalized to vari-

ance one, (az/
!
a2

z

"1/2
), for all studied particles. Remark-

ably we find that all the PDFs almost collapse onto a
single curve, indicating that, over the (", # ) range con-
sidered, normalized acceleration statistics depends signif-
icantly neither on particle size, nor on particle density.
In particular, contrary to predictions from point particle
models, we do not observe any trend to gaussianization,
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Fig. 2. Turbulence is generated downstream a grid in a wind tunnel. The measurement volume is located 2.75 m downstream
the grid, in a region where turbulence is fully developed, homogeneous and isotropic. Particles are injected individually at the
grid with a bubble nozzle and tracked individually by Doppler velocimetry. An ultrasonic plane wave of frequency !0 is emitted
by a transducer and a receiver records the wave scattered by a moving particle with velocity v in the measurement volume
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The component v! of the particle velocity along the scattering vector is directly given by the Doppler shift "! of the frequency of
the recorded scattered wave. In the present experiment, transducers are arranged in order to measure the sreamwise component
vz of particles velocity.
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Fig. 3. Normalized component acceleration probability den-
sity function (PDF) of material particles transported in a tur-
bulent air flow. Dashed line corresponds to the measurement
by Ayyalasomayajula et al. [18] for water droplets (with size
# ! 5 " 10"2 and $ ! 1000). To help the comparison with
previous and future studies the dot-dashed line shows a fit
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ciated to a lognormal distribution of the acceleration ampli-
tude [20,23]; best fit is found for s ! 0.62, corresponding to a

distribution flatness F = 9
5
e4s2 ! 8.3.

even for particles with Stokes number St (see caption of
Fig. 1 for the definition of St) as large as 40; within statis-
tical errorbars, we do not observe any systematic trend of
acceleration flatness, which keeps a constant value F ! 8.3
with 10% standard deviation among the di!erent particle
classes. This result extends to the case of heavy particles
the robustness of acceleration PDF which we have pre-
viously reported for neutrally buoyant particles [20]. It
is also qualitatively consistent with recent measurements,
in water von Kármán flows with weakly inertial par-
ticles [21,22,28], although an unambiguous quantitative
comparison with those results cannot be made due to ex-
perimental specificities (grid turbulence and von Kármán
flows have very di!erent large scale anisotropy and con-
finement characteristics which are known to a!ect parti-
cles Lagrangian dynamics [29,30]). A quantitative com-
parison is however possible with recent measurements ob-
tained by Z. Warhaft’s group at Cornell University in a
turbulent air flow with comparable characteristics to ours
(both are windtunnel experiments with similar isotropy
levels), although at a slightly higher Reynolds number
(R! " 250). Using high speed optical tracking, they have
measured acceleration statistics of sub-kolmogorov water
droplets (! " 5 # 10!2; " " 1000; St " 0.1), a regime
of size which we cannot reach at present due to tech-
nical limitations of our bubble generator. We have su-
perimposed in Figure 3 the normalized acceleration PDF
from their measurements (black dashed line). We find it to
be almost undistinguishable from our measurements with

Figure 2.12: From Qureshi et al. (2008); Left: Range of particles studied in the φ - Γ- plane.
The solid lines with additional values depict equal-Stokes-number levels, St = τp/τD. The
particle response time τp has been corrected for added mass and for finite Reynolds number
effects according to Clift et al. (1978). τD denotes the flow eddy turnover time at the scale
of the particle diameter D. The blue dots mark the particles studied. Right: z-component
acceleration PDF normalized by its RMS for all particles studied. The stretched exponential
fit was done with s ≈ 0.62.

see later.

The observations of Hohmann and Bec show that the dynamics of finite-size particles

with Φ≥ 4 are not captured by the Faxén corrections of eq. (2.48). Furthermore their

are able to show the collapsed acceleration PDF that was presented in fig. 2.8 by the

experimental results of Qureshi et al. (2007). The analytical technique of Hohmann

and Bec is a promising approach to get theoretical references for the motion of finite-

size particles in turbulence. The drawback is the limitation in Reynolds number. It

is computationally highly costly to carry out these analytical simulations at moder-

ate and high Reynolds number. Therefore they only could reach Rλ = 32. Hence, it

is necessary to conduct adequate experiments to investigate the motion of finite-size

particles with various diameter in the inertial range.

Qureshi et al. (2008) made extensive investigations of inertial particles in turbulent

flow. A part of their work from 2007 was already presented in section 2.3.3 as an

experimental reference to DNS of Calzavarini et al. (2009). Qureshi and co-workers

carried out acoustic tracking experiments of particles of various size and density in a

windtunnel airflow at a Taylor scale Reynoldsnumber Rλ = 160. The particles studied

are soap bubbles of various size and with various wall thickness to adjust the density.

For neutrally buoyant particles, the soap bubbles are filled with helium to adjust the

density. The particles are characterized by two dimensionless variables Γ = ρp/ρair and
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Fig. 4. Non normalized component acceleration PDF for
! ! 1 (outer bundle, green tone) and ! ! 5 (inner bundle,
red tone) particles and various values of ".

larger particles. This suggests that acceleration of inertial
particles as small as ! ! 5 " 10!2 already exhibit the
same robust statistical signature as finite size particles;
point particle models may therefore only apply to even
smaller particles [19].

For a deeper insight into specific e!ects associated to
particles size and density, one has to investigate accelera-
tion variance. Since the statistics of acceleration normal-
ized to variance one is found essentially independent of
particles size and density, an e!ect of these parameters
can indeed only be expected to a!ect acceleration vari-
ance itself

!
a2

z

"
. Figure 4 represents the true acceleration

PDF (not normalized to variance one) for neutrally buoy-
ant (" ! 1) and heavy (" ! 5) particles, with varying
sizes. It appears that heavy particles have a much nar-
rower and peaked PDF, indicating a global decrease of
acceleration variance with increasing density. The spread-
ing of the curves for a given density indicates that size
also influences particles acceleration variance.

A closer analysis of acceleration variance shows a non-
trivial dependence with size and density. We report in Fig-
ure 5 the acceleration variance for all the measurements
we have performed (in the following, we consider the di-
mensionless acceleration variance normalized according to
Heisenberg-Yaglom’s scaling: A0(!, " ) =

!
a2

z

"
#!3/2$1/2).

The mapping of the (!, " ) parameter space that we have
been able to explore, allows us to infer a rough interpola-
tion of the evolution of A0(!, " ), represented by the sur-
face in Figure 5. Though only the coarse tendency of this
interpolation is relevant, several important qualitative fea-
tures can still be observed. If we consider the e!ect of an
increasing density at a fixed particle size (along constant
!-lines), A0 is always found to decrease and to saturate
to a finite limit (noted a"

0 (!)) for the largest densities.
This is better quantified in a 2D projection (Fig. 6). The
! # 16.5 set of measurements (which is our most complete

Fig. 5. Acceleration variance for all particles studied in the
(",! ) parameter space (dots). The surface represents a rough
interpolation based on the available measurements (a bihar-
monic spline interpolation [31] has been used). The dot dashed
lines materialize the interpolation along the best resolved con-
stant "-lines and ! -lines. For the ! = 1 set, the dot-dashed
line coincide with a "!2/3 decay for " ! 15 [16,20].

set of density e!ects at fixed size) shows that the evolution
of acceleration variance with density exhibits two di!er-
ent regimes (see inset in Fig. 6): (i) for low densities
A0(!, " ) = a0(!)" !! (a0(!) corresponds to size e!ects
for the neutrally buoyant case which we have previously
studied in [20]) with % # 0.6 (ii) for large densities A0

saturates to a finite limit, here a"
0 (! # 16.5) # 0.7; the

transition between these two regimes occurs for a charac-
teristic density ratio " # ! 10. Although we don’t have as
many systematic measurements for varying densities for
other values of !, the few available points are compatible
with the existence of such two regimes (Fig. 6), with a size
dependent saturation value a"

0 (!) and very likely a size
dependent transition density ratio " #(!).

If we focus now on size e!ects at fixed particle density
(along constant " -lines), as seen in Figure 5, the scenario
is rather complex: depending on the density ratio " , A0

can either decrease or increase with particles size. For neu-
trally buoyant particles (" = 1) larger than about ! ! 15,
A0 decreases monotonically as a0(!) ! !!2/3 [16,20]. We
have shown in a previous study [20] that this is the ex-
pected scaling for inertial range sized particles when the
main forcing simply comes from the spatial pressure dif-
ferences of the unperturbed flow around the particle. As
we move to larger density ratios we then observe a con-
tinuous transition toward a drastically changed size de-
pendence where a"

0 (!) exhibit a sharp increase for sizes
around 17 < ! < 19. Outside this transition region (i.e.
for ! " 17 and ! ! 19), a"

0 doesn’t exhibit significant de-
pendence on ! (at least in the accessible range of sizes) as
also seen in Figure 6, where we have a"

0 (13) # a"
0 (16.5)

and a"
0 (19) # a"

0 [21].
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data in a log-log plot. Errorbars are mostly due to experimental
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5 Discussion

Our measurements have important consequences in terms
of the development of accurate models for the turbulent
transport of finite sized inertial particles. The robustness
of normalized acceleration PDF, regardless of particles size
and density, and the non trivial size and density depen-
dence of acceleration variance impose strong constraints
on the statistical properties of the forcing terms to be in-
cluded in the equation of motion of particles. For instance
models based on Maxey and Riley equation [9,10] for in-
ertial point particles are contradictory with our observa-
tions as they predict a continuous trend of acceleration
PDF to gaussianity as well as a monotonic decrease of ac-
celeration variance [13,21,32] both mostly consequence of
a filtering e!ect due to increasing particles response time
as inertia (only parametrized in such models by a Stokes
number) increases. Our findings therefore show that tur-
bulent transport of finite sized inertial particles cannot be
simply described in terms of Stokes number and filtering
e!ects only. The concrete statistical constraints that we
have identified give a first clear experimental diagnose of
point-particle models limitations (already analyzed theo-
retically by Lumley in 1978 [33]), and of the requirement
for density and finite size e!ects to be simultaneously and
specifically modeled.

With this goal, finally, we briefly discuss a simple qual-
itative phenomenology for the observed trends of accel-
eration variance based on the idea that particles tend
to reside longer in the quietest regions of the flow. This
intuitive statement can be related to the tendency of in-
ertial particles to preferentially concentrate in low vor-
ticity and low acceleration regions of the carrier turbu-
lent field along which they are then advected following a
sweep-stick scenario [34,35]. In this context, the decrease
of particles acceleration variance naturally results from
the under-sampling of intense regions of the carrier flow.

Then, a possible interpretation for the increase of acceler-
ation variance with particle size observed for high density
ratios can be that while small enough particles can indeed
be expected to e"ciently hide in the quietest regions of
the flow, when particles become larger than the typical
size L! of these regions, the sampling e!ect is damped as
particles start experiencing again the influence of more ac-
tive regions of the turbulent field. Though the existence of
such a typical scale is still controversial, recent measure-
ments of preferential concentration suggest that the quiet
sticking regions might have a characteristic size L! in the
range 10!20! [36] consistent with the 17 ! " ! 19 range
for which we observe the sudden increase of a"

0 (").
Our measurements of inertial e!ects for finite size par-

ticles can therefore be consistently interpreted as a dom-
inant role of sampling rather than filtering, contrary to
the point particle case [13,32]. The dominant role of sam-
pling is also consistent with the fact that velocity statis-
tics of our particles (not shown here) are found identical
to that of the carrier flow (obtained from classical hotwire
anemometry), a feature also shown numerically in the con-
text of sweep-stick mechanism [35] but which is at odds
from usual predictions based for instance on the Tchen-
Hinze theory or extensions [37].

6 Conclusion

To summarize, using a versatile material particle gener-
ator we have been able to explore the simultaneous in-
fluence of size and density on the turbulent transport of
material particles. For fixed carrier flow conditions, accel-
eration statistics of finite size inertial particles are found
very robust to size and density variations, the influence
of which is mostly carried by acceleration variance only.
In particular the shape of acceleration probability den-
sity function remains unchanged over the whole range of
sizes and densities explored. Concerning acceleration vari-
ance, we find that, for heavy particles, finite size e!ects
can be trivially extrapolated neither from the heavy point
particle limit nor from the finite size neutrally buoyant
case as both of these limits predict a monotonic decrease
of acceleration variance with increasing inertia, contradic-
tory with the trends measured for finite size heavy parti-
cles. Observed finite size and density e!ects cannot be
accounted by simple filtering arguments only based on
Stokes number e!ects as in the point particle case. A
sampling scenario, in the spirit of sweep-stick mechanisms
seems more adequate to possibly describe the simultane-
ous influence of density and size. We believe this should
stimulate further experimental and numerical investiga-
tions of acceleration fields in turbulent flows as well as of
inertial particles concentration fields. It is our hope that
these measurements will contribute bridging experimental
observations and developments of accurate models for the
turbulent transport of particles.

We deeply acknowledge E. Calzavarini, J.-F. Pinton, R. Volk,
and Z. Warhaft for fruitful discussions.

Figure 2.13: From Qureshi et al. (2008); Left: Plot of the acceleration RMS normalized by
the Heisenberg-Yaglom scaling on the φ - Γ- map. Various behavior for different constellations
of Γ and Φ can be observed. Right: Cuts through the left plot along planes of constant Φ.
Various plateau values are reached for increasing Γ.

φ=Dp/η to capture density and size effects respectively where ρp is the density of the

soap bubble, ρair is the density of air, Dp is the diameter of the soap bubble and η is

the Kolmogorov length scale. A PDF of the z-component acceleration normalized by

its variance for all particles studied is presented in fig. 2.12 (right) (see the range of

particles studied in the φ - Γ- plane in fig. 2.12 (left)). All PDFs collapse almost on top

of each other as we already observed in fig. 2.11 and in fig. 2.8. This might indicate

that normalized acceleration statistics depends significantly neither on particle size,

nor on particle density over the size-density-range investigated.

The acceleration RMS normalized by the Heisenberg-Yaglom scaling is considered af-

terwards. For each point in size-density-range, the value A0(φ,Γ) = 〈a2z〉/(ε3/2ν−1/2) is

derived. Using biharmonic spline interpolation, Qureshi et al. get a rough interpola-

tion of A0(φ,Γ) over the entire studied φ - Γ- space, presented in figure 2.13 (left). One

observes that a universal behavior of the acceleration variance for either increasing φ

or Γ as proposed by in fig. 2.11 and in fig. 2.9 cannot be observed. In fact, different

behaviors dependent on the constellation of φ and Γ to each other occur. For example,

for a fixed particle size (along constant φ-lines), A0 always decreases with increasing

particles density and finally reaches a constant limit (denoted by a∞0 (φ)) whereat the

limit a∞0 (φ) can change with fixed φ (see the inset of fig. 2.13 (right)). For size effects

at fixed particles density (along constant Γ-lines) the behavior is more complex. In

the low density region (Γ≈ 1) and particles larger than φ∝ 15, A0 decrease mono-

tonically with a0(φ)∝ φ−2/3. This is equivalent to the inertial range scaling coming

from the spatial pressure differences of the unperturbed flow around the particle that
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was already observed in figure 2.9. For increasing Γ, a continuous transition to a sec-

ond region can be noticed. In this region a∞0 shows almost no dependence for sizes

17< φ < 19. But a∞0 exhibits a sharp increase for sizes 17< φ < 19. In this sense,

figure 2.13 (right) shows that a∞0 (13) ≈ a∞0 (16.5) (dark-blue region in fig. 2.13 (left))

and a∞0 (19) ≈ a∞0 (21.5) (light-blue region in fig. 2.13 (left)).

This paragraph points out that an universal law for the acceleration RMS normalized

by the Heisenberg-Yaglom scaling can not be observed. The ratio of φ and Γ deter-

mines the evolution of the normalized acceleration RMS.

To conclude, the experimental results of Qureshi et al. (2008) contradict the predictions

of the theoretical models based on the Maxey-Riley equation for point-particles that

was discussed on the previous sections. Neither a reduction of tails in the acceleration

PDF rescaled by its RMS value nor an universal decrease of the acceleration variance

can be observed. In the point-particle models this predictions results from the filtering

effect due to increasing response time τp as inertia (only captured by Stokes number)

increases. These contradictions imply that the motion of finite-sized inertial particles

cannot be described by Stokes number and the filtering effect of response time only. As

consequence, both density and finite-size effects has to be simultaneously considered.

Furthermore, future theoretical models have to go beyond the existent point-particle

models, that are only one-way coupled, by capturing as well the interaction of the par-

ticles on the fluid. Studying only the single-point statistics of the particle is not enough

to understand this complex phenomena. To better understand the coupling between

the particles and the flow, the dynamics of the particles together with the flow around

it have to be investigated simultaneously. Furthermore high Reynolds numbers are

needed to study the full complexity of the phenomena. In the following chapter, we

will present an experiment that allows us to study exactly these aspects and report

our results to make a step closer to the understanding of the dynamics of particles in

turbulence.

Main Facts

The key aspects of the theoretical background are:

• The Navier-Stokes equation describes the full behavior of a fluid. It is hard

to solve for all scales simultaneously due to the non-linear term and the global

character of the pressure term.

• Compared to laminar flows where the fluid can be assumed as lamina gliding along
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each other without intersection, turbulent flows shows a spatially and temporally

chaotic behavior. Turbulence act on a wide range of length scales. So far, there

exists no closed theory of turbulence.

• Richardson proposed in 1922 the idea of an energy cascade in turbulence. Ac-

cordingly, energy injected at the largest length scale is transferred to the smallest

length scale without being consumed. At the smallest scale the energy is dissi-

pated to heat. The separation of the largest length scale (with the biggest eddies)

and the smallest length scale, denoted by η and also called Kolmogorov length

scale, is measured by the Reynolds number. In 1941 Kolmogorov puts this idea

into a theory that allows to describe turbulent flows by statistical quantities, e.g.

the structure functions.

• In addition to turbulence itself, the motion of particles in turbulent flows is a big

field of research. While tracer particles follow the flow smoothly, particles with a

density mismatch to the fluid or a size bigger than the smallest turbulence length

scale decouple from the underlying flow and show more complex dynamics. The

Stokes number (ratio of the smallest time scale of turbulence to the particles

relaxation time) is meant to describe density and size effects of the particles.

• The Maxey-Riley equation is the sum of all forces acting on a point-like particle

in turbulence and meant to model the dynamics of these particles. However, it

does not model the behavior of particles with finite-size. The Faxén corrections

should capture finite-size effects by averaging the flow velocity and acceleration

over the particles’ surface and volume respectively. However, the dynamics of

particles with diameter larger than 4 η are not captured.

• The direct analytical approach of Hohmann and Bec (2010) on the dynamics of

finite-size, neutrally buoyant particles is a promising way of model the dynamics

of particles but limited to low Reynolds numbers. Only experiments can provided

investigations at sufficient Reynolds numbers.

• Extensive experiments of Qureshi et al. (2008) showed that the Stokes number

alone does not capture size-effects of particles. Instead, both density and size of

the particles have to be considered. To study the interaction of particles and flow,

the flow around has to be studied simultaneously. We provide an experiment to

do that.
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Chapter 3

Experimental setup

We investigate the full motion of finite-size, neutrally buoyant particles together with

the flow around them simultaneously. The measurements are conducted in a horizontal

von-Kármán swirling water flow by Lagrangian Particle Tracking.

The following section describes the experimental setup and the preparation technique

of the investigated, finite-size particles. Afterwards, the Lagrangian Particle Tracking

technique and its requirements are explained in detail. Later on, we focus on the

different steps of our data analysis.

3.1 The turbulence generator

Our experiments are carried out in a, so called, von-Kármán swirling water flow that

is generated by two counter-rotating propeller submerged in an aquarium confined on

top by a removable cover with rubber seals along the rim (see Fig. 3.2). The baffled

propeller – 28 cm in diameter and 2 cm in height – are driven by two underwater air-

motors to gain a highly intense turbulent flow in the chamber described below. The

air-motors are driven with compressed air produced by an external source outside the

experiment. The big advantage of air-motors compared to their electrical counterparts

is their high efficiency. Driven by compressed air, air-motors have only a small energy

loss by heat dissipation. Therefore no additional cooling is needed to keep the tempera-

ture of the fluid in the turbulence chamber constant. Furthermore, no electrical issues

due to leakage of the submerged motors and additionally sealing of the power train

have to be considered. To prevent air from getting into the chamber, the air-motors

possess an additional exhaust hole close to the motor shaft that leads the excessive air

out of the chamber via a tube.
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(a) side view (b) top view

Figure 3.1: Picture of the turbulence generator. (a) shows a side view of the generator
while (b) presents top view with removed cover.

(a) pumping mode

(b) shearing mode

Figure 3.2: Sketch of the main modes of the mean velocity in the swirling von Kármán
flow. (a) shows the pumping mode, (b) displays the shearing mode.
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(a) Side view sketch of the turbulence apparatus
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(b) Top view sketch of the turbulence apparatus with removed top

Figure 3.3: Sketches of the turbulence chamber. The rotation axis of the propeller is set
as the x axis while the laser beam is propagating along the y axis. The vertical direction is
described by the z axis.
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baffled
diskmagnets

frequency measurement

with LabVIEW program

Reed relay

Figure 3.4: Schematic setup of the measurement circuit for the propeller frequency. While
the propeller is turning, the magnets force the relays to close the circuit. This analog current
signal is converted to an digital signal which is finally processed by a measurement computer
with a LabVIEW program to determine the rotation frequency of the propeller.

The turbulence chamber, shaped as a octagonal cylinder, measures 40 cm along the

axis of the propeller and 38 cm in both height (vertically) and width (horizontally) in

the cross-section. The rotating axis of the propeller is in the horizontal direction so

that particles added to the fluid, settling down towards the bottom of the apparatus

are entrained by the strong sweeping of the fluid near the bottom surface. Figure

3.2 displays schematically the flow in the apparatus. Due to the flow, particles stay

distributed in the entire volume of the chamber. By optical measurements - the tech-

niques will be explained in detail in section 3.3 - we follow the particles in the flow

and obtain their three-dimensional trajectories. The measurement volume is therefore

located at the center of the apparatus (see fig. 3.3 (top view)) where the mean flow

velocity is small due to symmetry of the system (see fig. 3.2 and Voth et al. (2002)).

Thus the vanishing mean flow velocity allows us to follow the particles for a sufficiently

long time before they leave the measurement volume.

To prevent particles from being damaged by the propeller, two octagonal metal grids

with a mesh width of 2 mm, that is smaller as the diameter of the particles, were

designed. They are fixed 10 cm in front of the propeller (see Fig. 3.1 and fig. 3.3).

The accessible region of the flow for the particles is thereby limited to 20 cm along the

axis of rotation. Furthermore, the probability of finding particles in the measurement

volume is increased and artificial high velocity events due to particles being hit by the

propeller are prevented.

To keep the Reynolds number constant during data acquisition, the rotation frequency

of the propeller is monitored and if necessary adjusted. To do so, we use a non inva-

sive technique. The propeller contain 8 magnets on the backside (see fig. 3.4). While
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the propeller are turning these magnets force reed-relays, mounted on the wall of the

apparatus behind the propeller, to close. The relays are integrated in a measurement

circuit. The current signal is processed by a LabView program to determine the rota-

tion frequency of the propeller. We carry out experiments with propeller frequencies

up to 1 Hz. The acquisition frequency of the computer is about 1 kHz and therefore

highly enough to capture the rotation frequency precisely.

Since the propeller frequency is not comparable, the Taylor microscale Reynolds num-

ber, Rλ, is used to describe the intensity of the turbulent flow. In our case Rλ is

about 400 at a propeller frequency of 1 Hz, which correspond to a Re around 104

(Rλ =
√

15Re).

3.2 The particles

As mentioned in the previous section, we use an optical measurement technique to

follow particles in the turbulent flow that is created by the setup explained before.

The basic idea is that a light source (in our case a Laser) illuminates the measurement

volume in the turbulence chamber. Several cameras take simultaneously movies of the

measurement volume from different positions. Particles in the measurement volume

reflect the light onto the sensor of the cameras and are thus recorded. The combination

of several simultaneously recorded movies results in the three-dimensional trajectories

of these particles. A full description of the technique will follow in section 3.3.

To measure the turbulent flow in our experiment, particles that act as tracer particles

(same density as the fluid and smaller than the smallest turbulence length scale) and

that faithfully follow the flow are needed. The Kolmogorov length scale in our experi-

mental setup is between 98µm and 151µm. As tracer particles, we use red fluorescent

polymer microspheres with a diameter of 107µm and a density of ρtr = 1.05 g/cm3. The

slight difference to the density of water (ρfl = 1 g/cm3) can be neglected. Although the

diameter of the particles is of the order of the Kolmogorov length scale η, the particles

act as fluid tracers for all Reynolds number used (see fig. 2.9 and fig. 2.11). This was

also studied by previous experiments of our group (see Voth et al. (2002)). These par-

ticles will be called ”tracers”. The tracers are fluorescent for the emitting wavelength

of the laser (532 nm) and emit by excitation red light at a wavelength of 612 nm.

Additionally to the turbulent flow itself, we want to study the motion of finite-size

neutrally buoyant particles together with the flow around it. To do so, we use spher-

ical particles made of an super-absorbent polymer, usually sodium polyacrylate. In

the dry state they have a diameter of about 1− 2 mm. By immersing them in water
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10 mm

1 mm

(a) wet and dry super-absorbent polymer sphere (b) diabetic lancet

Figure 3.5: (a) Picture of the super-absorbent polymer sphere in wet and dry state. The
injection points are marked in red. (b) The opened diabetic device with the lancet and a
beaker of fluorescent microspheres

they grow up to a diameter of approximately 10 mm (see Figure 3.5(a)). Thereby these

solid particles increase their volume by about 1000 times and consist of water by more

than 99 %. Due to this effect, they have the same density and the same optical index

as water. Hence they become invisible in water (see fig. 3.6). As consequence, they

are as well invisible for the cameras, but the tracer particles behind such a ball in the

measurement volume can be still seen. Starting from here, the finite-size particles will

be called ”balls”. To be able, however, to record the motion of the balls, we inject the

same fluorescent particles into the balls that are used as tracers in the fluid. Hence,

we have to follow only one species of particles - the fluorescent particles - and capture

simultaneously the motion of the balls and the turbulent flow around it. How we ex-

tract the motion of the balls from the trajectories recorded will be explained in section

5.2.

For the injection of fluorescent particles into the balls, we use a lancet that is normally

used by diabetics (see Figure 3.5(b)). The lancet is located at the end of a spring that

can be drawn back and fixed. By releasing it, the lancet is pushed out of the housing

with a distinct emission width. We inject fluorescent particles at different positions

(see Figure 3.5(a)) close below the surface of the balls. This allows us to measure the

center and the radius of the balls at each time. To do so, we dip the lancet into the

particles to collect a few on the tip before penetrating the balls. The fast penetration

of the lancet leaves a few fluorescent particles at the penetration depth in the ball.

Figure 3.6 shows a beaker full of prepared balls. One fluorescent particle embedded in

a ball lights up by excitation through the laser beam.
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Figure 3.6: The beaker is full of big particles that are invisible in water. By illumination
with laser light (532 nm) the fluorescent particles light up. The straight laser ray shows that
the optical index of the particles is the same as the one of water

The stiffness of the balls is gel-like. They are just slightly deformable and resistant to

external forces. As mentioned earlier, to prevent them of damages by the propeller in

the turbulence chamber and from being pushed into the measurement volume, grids are

placed in front of the propeller. Investigations showed that the influence on the flow is

marginal and only a slightly different Reynolds number can be measured compared to

the case without grids. To ensure that the grids have no influence on the balls’ motion

in the measurement volume, we consider a ball reaching one of the grids. That ball

decouples from the underlying flow and takes on a different motion on the grid until

it is finally brought back into the region between the grids and into the measurement

volume. To show no influences of the grid, the ball has to take on the flow velocity

before entering the measurement volume. This implies that the relaxation time τp of

the ball is smaller than the time needed to reach the measurement volume. Assumption

of equation (2.44) is a small relative velocity between particle and fluid and a particle

size smaller than the Kolmogorov length scale η. Since the balls have finite-size and

can have zero velocity on the grid, this equation is not appropriate to calculate τp here.

However, Xu and Bodenschatz (2008) proposed a modified equation for τp that is valid

for larger relative velocities and finite-size particles.

τp =
τν

1 + 0.1315Renp
, (3.1)

where τν = 1/18 · (ρp/ρf ) · d2p/ν is the viscous relaxation time of the particle with the

viscosity of the fluid ν, Rep = u′dp/ν is the particle Reynolds number based on the
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fluctuation velocity of the flow u′ and the exponent is n= 0.82− 0.05 log10Rep. With

ρp ≈ ρf , dp = 0.01 m, ν = 10−6 m/s2 and u′ = 0.1 m/s of our experiment, this yields

τp = 0.38 s. Using u′ as reference velocity, we get a relaxation length of 3.8 cm. This

implies that it takes 0.38 s or 3.8 cm respectively until the ball has taken on the velocity

of the flow around it. The space between the measurement volume and the grids is on

both sides around 6.5 cm (see fig. 3.3 (b)). The relaxation length of the balls is therefore

small enough and the grids have no influence on their motion in the measurement

volume.

Due to technical limitations that will be explained in the following section, the recording

time of each camera is limited to 3 s. To ensure that some balls are found in the

measurement volume during this time, a large number of balls is needed in the entire

accessible chamber. To prevent collisions between them which could influence their

motion in the measurement volume as well, the ball number cannot be infinite large.

Together with the tracer particles, added to the water, we submerge 100 balls in the

turbulence chamber between the grids. Tests showed that this number fulfill both

requirements.

3.3 LPT system

The optical measurement technique that we use to follow the tracer particles in the

flow to gain the three-dimensional trajectories of the particles is called particle track-

ing velocimetry (PTV) or lagrangian particle tracking (LPT). As roughly explained

in the previous sections, a light source illuminates the measurement volume in which

fluorescent particles (acting as tracer particles and being embedded in the balls in our

case) are excited and emit light in a different wavelength. Several cameras, observing

the measurement volume from different angles, capture only the emitted light of the

fluorescent particles through an optical filter1 and record movies of the motion of these

light spots simultaneously. Afterwards these synchronized movies are processed by an

analysis algorithm that yields the three-dimensional positions of the fluorescent par-

ticles whose light spots were recorded by the cameras during the measurement time.

An exemplary picture, the cameras would see and record, is presented in fig. 3.7. The

background is black because it is not illuminated while the bright spots result from the

emitted light of the fluorescent particles.

In our case the LPT system contains the following parts. In general two recording cam-

1the emitted wavelength of the fluorescent particles (612 nm) matches the wavelength the filter let
pass



3.3 LPT system 51

Camera 1

Camera 3

Measurement
Volume

Camera 2

LASER

Figure 3.7: Example of camera recorded images of fluorescent tracer particles in the mea-
surement volume of our turbulence chamber illuminated by a laser beam. The laser light
(532 nm) excites the fluorescent particles which emit light of another wavelength (612 nm).
Light of the particles occurs as bright spots on the black background that is not illuminated.
The differences in brightness and size of the spots results from different particle positions in
the measurement volume therefore from particles being in or out of focus of the cameras.

LASER Head 1

LASER Head 2 mirror 1&2 

mirror 3 

plano-convex
lense

laser beam
mirror 

turbulence
apparatus

perforated
plate

optical table

laser beam "merger"

Figure 3.8: Schematic top view of the optical setup. The laser beams of two laser heads
are combined, guided by mirror 1 & 2 to gain height and be sent to mirror 3. This mirror
reflects the beam onto two plano-convex lenses that expand the beam. All these devices are
mounted on an optical table. Before reaching the turbulence chamber, the laser beam passes
a perforated plate that prevents scattered radiation which could disturb the cameras. On the
backside of the chamber the beam is reflected back by another mirror. Thus, we gain higher
intensity of the scattered light by the fluorescent particle that is recorded by the cameras.
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2nd plano-
convex lense

1st plano-
convex lense
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mirror 1&2

laser heads

beam combiner

Figure 3.9: picture of the real optical setup as explained schematically in fig. 3.8

eras are enough to gain three-dimensional informations, but with additional cameras

the error of the three-dimensional position becomes smaller and the acquisition more

accurate (see Dracos (1996)). We use three Phantom V10 high-speed cameras from

Vision Research that take digital 12-bit grayscale images with a CMOS sensor. The

position of the cameras with respect to the turbulence chamber is depicted in fig. 3.3. To

resolve the smallest time scales of the turbulent motion (τη = 9.5 ms, 16.4 ms and 22.8 ms),

the recording frame rate is about 2900 frames/s at a resolution of 768×768 pixels. This

frame rate corresponds to 27 frames/τη at the highest Reynolds number used (respec-

tively 47 frames/τη and 66 frames/τη for the other Reynolds numbers). Hence, the

Kolmogorov time-scale is sufficiently over-resolved for all three Reynolds numbers (see

Oullette et al. (2006b). Recording at such a high frame rate requires high light intensity

of the fluorescent particles and therefore a strong light source exciting the particles.

To meet this requirement, two high power, lamp pumped Nd:YAG lasers (100 W each)

are used. They have a wavelength of 532 nm, matching the excitation wavelength of

the fluorescent particles used. The lasers were used in pulsed-mode with a frequency

of 8700 Hz. Thus 3 laser pulses are sent during the exposure time of the cameras to

gain enough light per image. Furthermore, due to the high frame rate of the cameras

and the limited memory of the cameras, the recording time is limited to a duration

of 3 s. Before taking new images the memory of the cameras has to be emptied by

transferring the images to a computer cluster which takes around 5 minutes.
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The two laser heads are mounted on an optical table next to the turbulence chamber

(see fig. 3.8). Their laser beams are merged, guided by three mirrors to the right ori-

entation with respect to the turbulence chamber and expanded by two plano-convex

lenses. To prevent scattered radiation that could disturb the recording of the cameras,

a perforated plate directly in front of the chamber limits the expanded laser ray (see

fig. 3.8 and fig. 3.9). On the other side of the chamber a mirror is placed to reflect the

laser beam and to increase the light intensity on the tracer particles and to gain more

light on the sensors of the cameras. The shape of the measurement volume results from

the intersection of the cameras’ fields of view with the laser beam and is a square-like

polygon with edges of roughly 7 cm (in fig. 3.3 it is sketched as the largest sphere filling

the polygon for simplification reasons).

Additionally to the three cameras, the laser and optics, we use a control computer and

a cluster with several node computers to analyze the recorded movies. A schematic

picture of the connections between the different hardware parts is provided in fig. 3.10.

As mentioned above, three laser pulses are sent per recorded image of the cameras.

Therefore the lasers have to be synchronized with the cameras. This is done by a

system consisting of frequency generator (FG), frequency divider (FD) and delay unit

(DU). A frequency generator generates a square wave which is passed to a frequency

divider. The frequency is adjusted to the frame rate of the cameras and sent as a

synchronization signal to them. Furthermore the signal of the frequency generator is

passed to a delay unit and further to the Q-switch of the laser. To prepare the electron-

ics before a picture can be taken, the cameras need a few micro seconds. Delaying the

laser pulse allows the efficient capture of three laser pulses in one frame. Furthermore,

the cameras have to be synchronized among each other to ensure that they start or

end the records at the same time. A relay driven by the parallel port of the control

computer is used to externally trigger the cameras. All cameras, the control computer

and the cluster are connected to each other via a Gigabit ethernet switch.

Frame rate, resolution, recording time and other properties can be set using a program

(called QTalkCam) running on the control computer. For simultaneous recording of

three movies, the program starts the recording (albeit at slightly different times) for

each camera. The recording is synchronously stopped by switching the relay. After

the termination of the recording process only a specified (by frame rate and recording

time of movies) amount of the last frames is downloaded.

On the cluster, a server program (called PH7server5) is running, waiting to down-

load the movies using the second network interface of the cameras. IPs, basic camera

properties, number of frames to download and a black-reference from each camera are
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Figure 3.10: Sketch of the wiring of the LPT system by Zimmermann (2008)

sent from the control program to the server program before the simultaneous download

of the movies starts. After the successful download of all three movies, PH7server5

signals to the control program the memory of the cameras is empty and new movies

can be taken. A third program (called ptv) processes available movies. The original

movies are usually deleted after computing and storing the trajectory files that contain

the three-dimensional trajectories of the tracked particles.

In the following section the different steps of the LPT analysis are explained in detail

that result in the three-dimensional trajectories of the fluorescent particles in space.

Main Facts

To review the key aspects of the previous section.

• We have a horizontal von-Kármán flow, driven by two submerged propeller that

counterrotate. This creates a fully developed turbulent flow in the turbulence

chamber with an octagonal cross-section. By symmetry, the mean flow velocity

at the center of the chamber is close to zero.

• We use an optical measurement technique, called ”Lagrangian Particle Tracking”

(LPT), to follow the three-dimensional motion of particles in the measurement

volume. These particles are fluorescent and excited by a laser beam sent to the

chamber. Three high-speed cameras record the motion of these particles. A par-

ticle tracking algorithm (described in section 5) process these movies and yields
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the three-dimensional trajectories of the particles. The measurement volume re-

sults from the intersection of the laser beam and the cameras’ field of view. It

is a polygon with edges of 7 cm length and located at the center of the chamber

(almost zero mean flow velocity). Thereby the particles stay sufficiently long in

the measurement volume.

• We study neutrally buoyant, finite-size particles with Dp = 100 η where η is the

smallest turbulence length scale. Due to match of refractive indices, these par-

ticles are invisible in water. To follow their motion, fluorescent particles are

embedded into the finite-size particles close to their surface. The same fluores-

cent particles are used as tracers in the flow to record simultaneously the motion

of the flow around.

• Only one species of particles, the fluorescent particles, is used and recorded by

LPT. How the motion of the finite-size particles is extracted from all trajectories

recorded, is explained in section 5. To simplify, we call the the finite-size particles

”balls” and the fluorescent particles in the flow ”tracers”.
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Chapter 4

Lagrangian Particle Tracking

Lagrangian Particle Tracking (LPT), also know as Particle Tracking Velocimetry (PTV),

determines the position of particles added to the flow in the three dimensional space at

certain times and assembles these points in trajectories of particles. These trajectories

allow the computation of the velocity, the acceleration and in our case the rotation

of the investigated particles. To detect the particles an optical method with digital

cameras is used. The LPT method can be separated into three different steps, which

will be described individually below. These steps are first of all particle finding on each

individual image of the cameras, followed by stereo matching of all images taken at the

same time - in our case 3 images - and finally connection of the points at different times

to trajectories (see fig. 4.1). The basis of the LPT method is, however, the calibration

according to the following camera model and calibration procedure.

4.1 The Camera Model

The camera model on which the calibration process is based, was already used in earlier

experiments of our group (see Oullette et al. (2006b) and Zimmermann (2008)). We use

a camera model developed by Tsai (1987). He proposes, modern off-the-shelf cameras

and lenses are well described by a pin hole camera with radial distortion but negligible

tangential distortion. Furthermore he states that the mathematical projection of a

point in 3D onto a 2D image sensor of a model camera can be done in four steps

described below (see Tsai). Fig. 4.2 shows a sketch of the two coordinate systems.

(xw, yw, zw) is the 3D coordinate of the object point P in the 3D world coordinate

system. (x, y, z) is the 3D coordinate of the object point P in the camera coordinate

system that is centered at point O, the optical center. The z-axis is the same as the
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optical axis. (X, Y ) is the image coordinate system centered at Oi and parallel to x and

y axes. f is the distance between front image plane and the optical center. (Xu, Yu) is

the image coordinate of P (x, y, z) if a perfect pinhole camera model is used. (Xd, Yd)

is the actual image coordinate which differs from (Xu, Yu) due to lens distortion.

1. By rigid body transformation, a point X = (xw, yw, zw)T in the object world

coordinate system can be transformed to the camera coordinate system.




x

y

z


 = R




xw

yw

zw


+ T (4.1)

Thereby R is a three dimensional rotation matrix, expressed by three Eulerian

angles, and T is a translation vector with three degrees of freedom as well. Hence,

six unknown parameters have to be determined.

2. The 3D camera coordinates are transformed to ideal (undistorted) image coordi-

nates (Xu, Yu) by:

Xu = f
x

z
Yu = f

y

z
(4.2)

with the effective focal length f between the projection center and the image

sensor. This is a perspective projection with a pinhole camera geometry, men-

tioned before. Generally f is a known parameter from the camera’s specifications

and the focal length of the objective. In Tsai’s camera model it is used as a free

fitting parameter during calibration. That way possible distortions caused by the

windows of the apparatus can be included and better accuracy can be achieved.

3. For modern lenses only radial distortion (along the red line in fig. 4.2) is consid-

ered to be relevant. Therefore the correction of the radial lens distortion can be

expressed as

Xd +Dx = Xu Yd +Dx = Yu (4.3)

with

Dx = Xd(κ1r
2 + κ2r

4 + ...) (4.4)

Dy = Yd(κ1r
2 + κ2r

4 + ...) (4.5)

r =
√
X2
d + Y 2

d (4.6)

Tsai (1987) proposes that for the series Dx and Dy only computation up to the
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tracer particles in the
turbulence chamber

three dimensional trajectories of the 
recorded tracer particles

Figure 4.1: Visualization of the particle tracking technique. Starting with fluorescent
particles in the turbulence chamber (seen through a laser safety google which is equivalent
to the filters through which the cameras record), the aim is to gain the three dimensional
trajectories of the recorded particles in the measurement volume.

zw

xw
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system
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(0,0,z)

Oi(0,0,f)

camera coordinate
system
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Figure 4.2: Schematic of the camera model by Tsai (1987). For calibration, a mask (grey)
with a known dot pattern is moved along the zw-axis. Only radial distortion along the red
lines is assumed. This is the radial alignment constraint used in the calibration (see Tsai
(1987)).
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first order is needed. This leads to good results at low computational costs and

is numerically stable. The parameter to be determined in that step is therefore

the radial distortion factor κ1.

4. Last, the transformation of the real image coordinate (Xd, Yd) to the pixel rep-

resentation in the computer is conducted by:

X = Xf − Cx =
sxXd

dx
(4.7)

Y = Yf − Cy =
Yd
dy

(4.8)

with (Xf , Yf ) the position in pixels, (Cx, Cy) the position of the image center (in

pixels), dx and dy the size of a pixel in x and y direction respectively and the

uncertainty image scale factor sx. The center of the image plane (Cx, Cy) and

the size of the a pixel (dx, dy) are assumed to be known. Then sx is the ninth

unknown parameter to be determined by the calibration. It allows to correct

hardware issues of the cameras. For an ideal sensor sx is unity.

To conduct these four steps, detailed information about the lab framework, the ar-

rangement of the cameras, the cameras themselves and the lenses are needed. The

nine unknown parameters mentioned can be determined using a calibration method

described in the following section.

4.2 Calibration

Tsai (1987) also proposed a calibration method to determine the nine parameters men-

tioned above in a robust and accurate way. This calibration technique has been used

in previous experiments of our group (see Oullette et al. (2006b) and Zimmermann

(2008)).

First of all, one has to take images of a known structure, e.g. a regular dot pattern

with marked center, at several known positions in the lab system. We do so by moving

a plate with regular dot pattern, also called mask, along an axis in the lab system.

With respect to fig. 4.2, we assume that the mask is moved in zw-direction. Figure 4.3

shows an image of a calibration mask in our apparatus.

After taking the images, they are processed to get a set of 3D points (xw, yw, zw)i in

the lab system and their corresponding projection on the image plane (Xi, Yi). Since

only radial distortion of the image is considered, we can always choose the rotation
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(a) side view (b) top view

Figure 4.3: The calibration mask in the turbulence chamber. The cameras can be noticed
below the mask (a) and on the bottom of the picture (b)

matrix R =




r1 r2 r3

r4 r5 r6

r7 r8 r9


 and T such that OiPd is parallel to P(0, 0, z)P(x, y, z)

(as displayed by the red lines in figure 4.2). Using the cross-product that means:

(Xd, Yd)× (x, y) = (0, 0)

⇔ Xd · y = Yd · x (4.9)

Inserting eq. (4.1) into eq. (4.9) yields:

Xd(r4xw + r5yw + r6zw + Ty) = Yd(r1xw + r2yw + r3zw + Tx) (4.10)

The upper equation is called radial alignment constraint. By rearranging eq. (4.10),

one gets a set of linear equations with seven unknown quantities.

[ Ydxw Ydyw Ydzw Yd −Xdxw −Xdyw −Xdzw ] ·A = Xd (4.11)

with A =
[
T−1y sxr1 T−1y sxr2 T−1y sxr3 T−1y sxTX T−1y r4 T−1y r5 T−1y r6

]T
con-

taining the unknown parameters. With a number of 3D points much larger than seven,

an overestimated system of linear equations can be established. Thus A is estimated

with a least square fit. Since for any three dimensional rotation matrix R it is valid

that
∑3

i=1R
2
ij =

∑3
j=1R

2
ij = 1, one can determine |Yy|, r7, r8, r9 and sx analytically.

Furthermore the steps 2 to 4 of the camera model can be combined to compute the
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equations

f
x

z
= Xu = X

dx
sx

(1 + κ1r
2) (4.12)

f
y

z
= Yu = Y dy (1 + κ1r

2) (4.13)

Expressing x, y and z in terms of xw, yw and zw yields:

f
r1xw + r2yw + r3zw + Tx
r7xw + r8yw + r9zw + Tz

= X
dx
sx

(1 + κ1r
2) (4.14)

f
r3xw + r5yw + r6zw + Ty
r7xw + r8yw + r9zw + Tz

= Y dy (1 + κ1r
2) (4.15)

As a first approximation κ1 is set to zero. One gains an overestimated set of linear

equations, which allows good initial guesses for f and Tz. Afterwards, the precise values

of κ1, f and Tz can be found by employing a standard fitting scheme to eq. (4.15)

and the found 3D points. This calibration technique allows to determine the nine

independent parameters in the camera model on an accurate and robust way.

4.3 Particle Finding

In this experiment we use fluorescent particles that are excited by the light of the

laser and emit light after excitation. Therefore the points don’t correspond to just one

pixel on the recorded image. Instead they leave a bright spot with a size of several

pixels on the digital image. To identify the spots, a segmentation technique is used

that considers every pixel with an intensity above a certain threshold as part of a

spot. Several methods exist to identify the center of a spot as using a two-dimensional

gaussian (see Mann et al. (1999)), two one-dimensional gaussians (see Cowen and

Monismith (1997)) or weighted-averaging (see Maas et al. (1993)).

Oullette et al. (2006a) compared these methods with respect to various criteria like sub-

pixel accuracy, speed, overlap handling and robustness of noise. They point out that

the main advantages of the weighted-averaging method are speed and the simplicity

of implementation. Due to the size of the movies recorded (3 movies have a size of

15 GB) and the limitation in hard disk space, the analysis of our movies is conducted

directly after recording to maintain free hard disk space for further records. To do

this sufficiently fast, we choose the weighted-averaging method, although it is less

accurate than the other two methods. The algorithm determines the center of the

spot by averaging the positions of its component pixels weighted by their intensity
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gray values. For our case, the weighted-averaging method is efficient and simple to

implement computationally, as well as having some overlap handling capabilities if

spots of different particles overlap on the camera image. The spots have a size of 4

to 6 pixels, in average. Thus, we achieve subpixel accuracy of determining the center

(error ≈ 0.15 pixel, see Oullette et al. (2006a)). Figure 4.4 shows a picture of that

weighted-averaging method on an original camera picture.

4.4 Stereo-matching

After having found the center of the particles on the image plane of each camera, as

described in the section above, the next step is stereo-matching. We use the same

stereo-matching process as in previous experiments of our group Oullette et al. (see

2006a).

The centers of the spots together with the known camera positions can be used to

reconstruct the three-dimensional coordinates of the particles. The stereo-matching

process uses the fact that the ”lines of sight” from the different cameras to a particle

must intersect at the particle center. It is obvious that this algorithm is only able to

match particles which were recorded by all cameras. Therefore, the threshold in the

particle finding step is crucial to the stereo-matching. Oullette et al. (2006a) showed

that the result of the stereo-matching is almost independent of camera arrangement.

Furthermore ambiguities of matching will arise when the number of particles in the

measurement volume increases. Noisy images, inhomogeneous particle intensity profile

and calibration errors in the camera models are other sources of error. Figure 4.5 shows

a sketch of the stereo-matching process.

In detail the stereo-matching is done the following way. From a particle image (A) on

camera 1, one constructs a ”line of sight” passing through the particle image center

and the perspective center of camera 1. This line of sight is then projected onto the

image plane of the other cameras. Any particle image that is within a tolerance away

from the projection of the line of sight is then added into a list. Such a list is created

for each combination of two cameras. These lists are checked for closed paths which

then contain the particle images belonging to a particle. In this sketch, the path is

1A → 2B → 3E → 1A. The position of the particle in real world coordinates, x̃, is

computed by finding the minimal distance to the lines of sight, l1, l2 and l3.
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Figure 4.4: Result of the weighted-avering method to find particles on the camera pictures.
Bright pixels, resulting from the reflected light of the tracer particles in the measurement
volume, with a higher intensity as a preset threshold are considered to find the weighted
average of each group of bright pixels. The position of the weighted average is symbolized
by a blue cross. This position is taken as the center of the particle causing the bright spot.

Figure 4.5: Sketch of the stereo-matching process from Zimmermann (2008). Building a
”line of sight” for each combination of two cameras. Closed paths in the lists yield the particle
images corresponding to a particle. The intersection of the lines of sight and the position in
real world coordinates are sketched.
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a) b)

Figure 4.6: Sketch of ”Nearest Neighbor” a) and ”Best estimate” b) technique by Oullette
et al. (2006a). The black circles and line indicate the positions already joined into a trajectory
while red circles indicate the positions at t. Dark grey circles indicate positions at t+ ∆t in
which green circles are the ones chosen as the next point on the trajectory. Light grey circles
signify positions at t+2∆t and open circles indicate estimated positions while crossed circles
are the positions used to generate the estimates.

4.5 Building the trajectories

By stereo-matching one gained the particles position in 3D space at different points

in time which are not yet associated with each other. Connecting these points to a

trajectory, x(t), in time is called tracking. There are different techniques to identify

the 3D points that belong to one particle and therefore to one trajectory. Oullette

et al. (2006a) investigated several techniques regarding their accuracy, such as ”Near-

est Neighbor”, ”Minimal Acceleration”, ”Minimal Change in Acceleration” and ”Best

Estimate”. Furthermore they show that the Best Estimate technique together with the

Nearest Neighbor technique for the first points in time of a trajectory yield the best

results even for higher particle densities. We use these two techniques which will be

explained in following and are visualized in figure 4.6.

The ”Nearest Neighbor” technique starts with a particle position x(t) at time t. Every

point x(t+ ∆t) at the instant within a maximum distance ‖x(t)− x(t+ ∆t)‖ < dmax

can be considered as a possible part of the trajectory, where ∆t is the elapsed time

between two instants. To allow high velocities of the particles, dmax has to be large

enough. Due to numerous particles in the measurement volume multiple continuations

of a trajectory are usually possible from one to the next point in time. Therefore, it is

necessary to take several points in time ahead into account to avoid building physically
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wrong trajectories. This technique is used in our analysis to find the first two points

of a trajectory.

Afterwards we use the ”Best Estimate” technique which uses positions at 4 points

in time to find the correct continuation in t + ∆t. From the point at time t − ∆t

and t the velocity ṽ(t) of the particle can be estimated. With this velocity the po-

sition at time t + ∆t is estimated as x̃(t + ∆t) = x(t) + ṽ(t) · ∆t. With all real

points in a search volume around this estimated point an acceleration ã(t) is esti-

mated. This is used to estimate the position of these real points at time t + 2∆t by

x̃(t + 2∆t) = x(t) + ṽ(t) · (2∆t) + ã(t) · (2∆t)2. The best match for t + ∆t is the

particle showing minimal distance between the estimate x̃(t+ 2∆t) and the real points

xi(t+ 2∆t) in a search volume around the estimate.

In the following section, the way of analyzing the found trajectories and finding the

finite-size particles is explained in detail.

Main Facts

The main concepts of the Lagrangian Particle Tracking system are:

• Before usage, the LPT system is calibrated by moving a mask with a known pat-

tern through the measurement volume. Images of the mask at different positions

are taken by all three cameras. Nine unknown parameters that are used in the

camera model are determined from these recordings. The camera model allows to

transfer points in the image plane of the cameras to lines of points in real space.

• The LPT process starts with the images of the fluorescent particles in the mea-

surement volume taken by the cameras. On each image particles are identified

as bright pixels or groups of bright pixels above a set threshold. The center of

the particles are found by weighted averaging the positions of the bright pixels

with their intensity.

• With the known camera model each center on one image is projected as a line

of sight into the simultaneously taken images of the other cameras. Intersection

of centers with these lines of sight yields the three-dimensional position of the

recorded particles in real space.

• The trajectories of the particles result as selections of three-dimensional points

at different, succeeding times. The nearest neighbor technique and the best
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estimate technique are used to find the points at succeeding times that belong to

one particle and therefore to one trajectory.
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Chapter 5

Data Analysis

To achieve statistically stable results, we record several hundred triplets of movies with

the three cameras used. These movies are 3 seconds long, with a frame rate of 2900

frames/second. Thus in total, they contain 8700 frames. The particle tracking code,

described in section 4, analyses these triplets and yields the trajectories of the fluo-

rescent particles. They are further analyzed for our purposes regarding the following

steps.

First of all, the used method for calculating the velocity and acceleration of the tra-

jectories is explained. Afterwards, the trajectories belonging to fluorescent particles

embedded in the balls are identified. Following the identification, a reconnection pro-

cess is used to gain longer trajectories. Then, the center of the balls can be computed,

that leads to the translative motion of it. The rotation of the balls is finally computed

with the Kabsch (1976, 1978) algorithm.

5.1 Calculating the velocity and acceleration

A trajectory represents the position x(t) of a particle at each time t. It can last from

several ten to a few thousand points in time. Noise and measurement errors ξ(t) affect

these measured positions. This can be written as:

x̃(t)︸︷︷︸
x measured

= x(t)︸︷︷︸
x perfect

+ ξ(t)︸︷︷︸
noise

(5.1)

The velocity u is needed later on to calculate structure functions, correlation functions

and other statistical quantities. Calculating the velocity via the discrete difference

[x̃(t2)− x̃(t1)]/(t2− t1) is extremely sensitive to noise. To avoid this issue, one can use
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a convolution of the original positions x̃(t) with a kernel function k(τ) that smoothes

the original data (see Voth et al. (2002), Mordant et al. (2004a)). The definition of

such a convolution is given in eq. (5.2) and in case of filtering k obeys k ⊗ 1 = 1 and

k ≥ 0.

k ⊗ x̃
∣∣∣
t

=

∫ ∞

−∞
k(τ) · x̃(τ + t)dτ (5.2)

The following rule applies for the derivative of that convolution.

(k ⊗ x̃)′ = k′ ⊗ x̃ = k ⊗ x̃′ (5.3)

This lead to the following expressions for the velocity and acceleration:

k ⊗ ũ
∣∣∣
t

= k′ ⊗ x̃
∣∣∣
t

=

∫ ∞

−∞
kv(τ) · x̃(τ + t)dτ (5.4)

k ⊗ ã
∣∣∣
t

= k′′ ⊗ x̃
∣∣∣
t

=

∫ ∞

−∞
ka(τ) · x̃(τ + t)dτ (5.5)

For our purposes, a gaussian kernel k(τ) = 1√
πω

exp(− r2

ω2 ) with (ω =
√

2σ) is a good

choice for smoothing the data. With eq. (5.3) the kernels kv for the velocity and ka for

the accelertion yield:

kv =
∂k(τ)

∂τ
= − 2τ√

πω3
exp

(
− τ

2

ω2

)

ka =
∂2k(τ)

∂τ 2
=

2√
πω3

(
2τ 2

ω2
− 1

)
exp

(
− τ

2

ω2

) (5.6)

The integrals (5.2), (5.4) and (5.5) can be limited to the range [−T ;T ] since the contri-

bution of values decays with exp(−τ 2) of the kernel. Instead of a continuous function,

we have discrete values in time. Thus the integral can be evaluated as a sum. To

calculate the velocity at time t, for example, the sum
∑T
−T kv · x̃(τ + t) has to be

evaluated. This truncation of the integral requires a modification of the normalization.

For discrete times, the following kernel functions are used.

kv(τ) = Avτ exp

(
− τ

2

ω2

)
+Bv and ka(τ) = Aa

(
2τ 2

ω2
− 1

)
exp

(
− τ

2

ω2

)
+Ba (5.7)

Av, Bv, Aa and Ba are normalization constants that can be determined using the deriva-

tives:

kv ⊗ 1 = 0 kv ⊗ τ = 1 (5.8)
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ka ⊗ 1 = 0 ka ⊗ τ 2 = 2 (5.9)

In Appendix A the detailed calculation of Av, Bv, Aa and Ba dependent on T and ω

is carried out. For vectors, the convolution is conducted with each component of the

vector. We also use the convolution with k(τ) to reduce the uncertainty in the position

by smoothing the measured positions x̃ with the same T and ω that is used for the

velocity and acceleration.

5.2 Identifying the finite-size particles

As mentioned in section 3.2, the advantage of our experimental technique is that we

follow only one species of particles in the turbulent flow. To find the balls among

these particles, we use use a fundamental characteristic of turbulence. In turbulent

flows, tracers separate quickly from each other (see Bourgoin et al. (2006)). For initial

separations, R0 = |R(t= 0)|, of fluid tracers in the inertial range (η � R0 � L), it

applies:

〈δR(t)2〉 ∝ t2 for t� t0 = (R2
0/ε)

1/3, (5.10)

where δR(t) = R(t)−R(t= 0) denotes the vectorial separation increment of two trac-

ers, t is the time, R0 is the initial separation, ε the energy dissipation rate and t0 is

the life time of an eddy of scale R0. First predicted by Batchelor (1950), this regime

has been observed numerically (see Borgas and Yeung (2004)) and in our group experi-

mentally (see Bourgoin et al. (2006),Gibert et al. (2010a)). Consequently, we calculate

the pairwise distance between the particles. Only those particles whose distance does

not change, mark the motion of a ball. We use the following procedure.

Finding paired tracks: The first step is to find pairwise trajectories whose distance

to each other stays constant within a tolerance during the time they both exist.

In the output file of the particle tracking code, the found trajectories are ordered by

their temporal start. Easily we find the trajectory pairs that exist at common points

in time. All these pairs are checked wether their distance stays constant or not. Pairs

that fulfill this condition are stored in a list. An exemplary list of friends is shown in

tab. 5.1. For simplification reasons, paired trajectories are called ”friends”. Trajecto-

ries that belong to the balls can have a maximum separation of 2Rp with Rp being the

radius of the ball. Therefore we only allow a distinct bandwidth of separations between



72 CHAPTER 5. DATA ANALYSIS

trajectory # 19 23 23 23 36 36 40 42 42 274 ...
is friend with # 106 32 36 38 38 155 44 44 224 285 ...

Table 5.1: Example of a list of trajectory pairs found to be friends. The trajectories in the
first row are friends with the trajectories in the second row.

friends. The balls’ radius is roughly estimated as Rp = 8 mm. The allowed separation

bandwidth is set to [0.05Rp, 2Rp].

To avoid selecting trajectory pairs of fluid tracers whose separation is almost constant

for a short time, friends have to exist longer than a temporal limit. This limit ensures

that the trajectories contain enough points to calculate velocity and acceleration (see

section 5.1). Furthermore the trajectories are long enough to check the evolution of

the separation. We use a temporal limit of 50 points in time (equal to 0.75 τη for the

lowest Reynolds number used and 2 τη for the highest Reynolds number).

Due to uncertainties in the particle tracking code or small variations of the balls’ shape,

the distance between friends cannot stay perfectly constant. We allow small variations

in distance. For each point in time friends exist, the variation in separation has to

be less than a tolerance. Using eq. (5.10), we estimate the evolution of separation of

fluid tracers. For the lowest Reynolds number used (ε= 0.0019 m2/s3), the change in

separation of fluid tracers with R0 = 0.05Rp and t= 0.75 τη = 0.017 s is δR = 0.05Rp.

To stay below this threshold, we use a tolerance value of 0.01Rp.

Finding groups: So far, we obtained a list of paired trajectories. The next step is to

find and combine all the trajectory pairs that belong to one particular ball. We assume

that all trajectories of particles embedded in a ball are friends. Thus all trajectories

linked to each other via other trajectories in the list of friends (see tab. 5.1) are selected

to one group. Table 5.2 shows an example of a group found in the list of friends. All

direct friends of a certain trajectory number in the first row are stored in a group list.

If these numbers appear as well in the first row, their direct friends are stored in the

group list. This process is continued until numbers of the second row cannot be found

in the first row. The group of friends is then closed.

To be stored, these groups have to fulfill certain conditions. The general equation of a

sphere, (x− xc)2 + (y − yc)2 + (z − zc)2 −R2 = 0, with 4 known points will be used to

determine the center of the balls. xc, yc and xc are the coordinates of the center and R

is the radius of the sphere. Therefore the groups have to have at least 4 trajectories.

Furthermore we require that at least 4 trajectories have a common time bigger than

a certain temporal threshold. This temporal threshold for the common lifetime is set
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Figure 5.1: Figure (a) shows all trajectories found by the LPT code for one triplet of
movies. In (b) the trajectories of (a) are plotted in light blue (for visualization reasons) and
the trajectories belonging to balls are displayed in red.
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trajectory # 19 23 23 23 36 36 40 42 42 274 ...
is friend with # 106 32 36 38 38 155 44 44 224 285 ...

Table 5.2: Example of a group of friends found in the list friends. The trajectories denoted
with a red number are belonging to the group of friends. It was found by searching for friends
of direct friends. Number 23 is friend with 32, 36 and 38. Number 36 appears again in the
first row. It is friend with 38 and 155. Afterwards the group is closed, because no other
second row number can be found in the first row.

again to 50 points in time (equal to 0.75 τη for the lowest Reynolds number used and

2 τη for the highest Reynolds number).

Figure 5.1 shows, as an example for the result of the finding-groups step, all trajectories

found by the LPT algorithm for one triplet of movies.

Selecting groups: We notice that, although our requirements for the trajectories, ex-

plained above, are relatively strong, sometimes groups of friends are created that can

not belong to a ball or that contain many wrong trajectories that can not be embedded

in a ball. To avoid physically wrong effects due to wrong groups in the further analy-

sis, we discard these groups. So far, this is done by hand. Nevertheless an automatic

process might realizable for future experiments. We created a graphical user interface

that displays all the groups found in the previous process one after another. By eye

the groups are selected to be ”good” or ”bad”. The ”bad” groups are discarded while

”good” ones are kept. More quantitatively, we call a group ”bad” that is dominated by

short trajectories (≤ 100 points in time), that is dominated by non-parallel (skewed)

trajectories or that shows a collision with another group (radical kinks of the trajecto-

ries - collisions are interesting, but not studied here). Figure 5.2 displays an example

for a ”good” and a ”bad” group which fulfills the first two conditions.

Although it is time consuming to check all groups in all recorded sets of movies, one gets

a detailed impression of the quality of the recorded data. The ratio between ”good”

and ”bad” trajectories depends on the density of tracers in the measurement volume.

In case of a high density, the trajectories found by the LPT code become shorter in

time and the pair- and group-finding process has problems to identify the trajectories

belonging to the balls. In our case the ratio of the number of ”good” to ”bad” groups

ranges from 2 to 0.5.

Sometimes the trajectories of more than one individual ball can be found in one group.

These groups are marked as ”multiple” to avoid wrong effects in the further processing

of the groups.
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Figure 5.2: Example of a ”good” group (a) and a ”bad” group (b) that is not belonging to
a finite-size particle or contains wrong trajectories.

5.3 Reconnection of trajectories

As one can notice in fig. 5.2 (a), long trajectories can be split up into smaller pieces.

This occurs due to fluctuation of illumination light, variation of scattered light in-

tensity with angle, particles blocking the line of sight of the cameras, presence of

light-insensitive circuits on the used CMOS sensors of the cameras and the effect of

thermal, electronic and environmental noise (see Xu (2008)). The LPT code is able

to extrapolate temporal gaps up to 3 points in time ahead and continue if a real

point is close to the extrapolation. For the trajectories belonging to balls that were

gained so far, a reconnection process is conducted. The technique that we use here is

based on the reconnection method invented in our group by Xu (2008). He proposes a

technique to connect interrupted trajectory segments by tracking these segments in a

six-dimensional position-velocity space.

The reconnection process that we conduct is explained in the following. Gaps between

trajectory segments are closed by interpolation. As we see later, the motion of the

balls is subject to the trajectories of the fluorescent particles embedded in it. These

interpolated points can bias the motion of the balls. For this reason, the interpolated

segments of trajectories are only considered in the cleaning process in section 5.4, but

not for the analysis of the balls’ motion. Therefore our reconnection process does not

bias the dynamics of the balls. Furthermore, since we reconnect within the groups

of trajectories that form a ball, the reconnection parameter can be estimated more
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approximatively without causing ambiguities for the reconnection.

Our technique is able to connect trajectories with gaps from several tenths to hundreds

of missing points in time. Because it is computationally less costly, less ambiguities

can occur and to avoid biasing the results, the reconnection is just applied to the tra-

jectories belonging to the ball instead of using all trajectories. Fig. 5.3 shows a sketch

of the technique.

For each trajectory of the groups kept in the previous process, all trajectories are con-

sidered that begin temporarily after the end of the first trajectory. It is checked if the

spatial begin of these potential reconnection partners lies within a cylinder spanned by

the velocity vector at the end of the first trajectory. This cylinder has a length L and

a radius R that are user defined parameters. For each possible partner that fulfills this

condition, the gap between the end of the first trajectory and the beginning of this

partner is closed by linear interpolation. The velocity along the linear interpolation

is computed. If the velocity difference between the end of the first trajectory and the

beginning of the linear interpolation is within a user defined tolerance T this potential

candidate for a reconnection is kept. The same is checked for the velocity difference

between the end of the linear interpolation and the beginning of the partner trajectory.

For the case of more than one potential reconnection candidate, the one showing the

smallest velocity difference is chosen as reconnection partner.

In fig. 5.4 (a) and fig. 5.2 (a) one observes two different species of gaps, gaps of straight

trajectories and gaps of curved trajectories. To be able to reconnect both species

of gaps, the described process is conducted twice. First long but thin cylinders are

spanned to reconnect the straight gaps and afterwards wider cylinders with a smaller

velocity tolerance are used to reconnect curved gaps.

To find the parameters L, R and T that lead to the best reconnection, we first fol-

lowed the proposal of Xu (2008). By studying the mean temporal trajectory length

after the reconnection as function of L, he observed a two-range behavior that results

in a initial guess of L. Conducting the same investigations, we don’t observe such a

behavior. However, the aim of our reconnection process and the cleaning process in

the next section is to increase and improve the statistics of the balls’ motion. There-

fore, we investigated the effects of L, R and T on the center trajectories calculated

by the algorithm in section 5.6. First, we calculated the mean temporal length of the

center trajectory for various combinations of L, R and T . This result alone is not

sufficient to show the quality of the centers calculated. We assume a good center to

be equally apart from the fluorescent particles embedded in the ball. Hence, we addi-



5.4 Cleaning of groups 77

tionally studied the effect of L, R and T on the fluctuation of the distances between

the center calculated and the points used. These investigations are presented in ap-

pendix B. As results, chosen parameters for the first reconnection are R = 0.5 mm≈ 5η,

L= 30 mm≈ 300η and T = 0.6. The second reconnection is done withR = 2 mm≈ 20η,

L= 20 mm≈ 200η and T = 0.1. To remind, our measurement volume in which the tra-

jectories are recorded, is a polygon with edges of roughly 70 mm≈ 700η.

Furthermore we notice that the reconnection process can be improved by using the

trajectories filtered by a Gaussian that smoothes the trajectories. Some trajectories

show a zig-zag motion in space that makes the reconnection process much harder. Fig-

ure 5.4 shows, on the basis of one particular group, the results of the reconnection

process. One can see that all gaps are closed after reconnection. Quantitatively we

measure the results of the reconnection process by considering the probability density

function (PDF) of the trajectory length before and after reconnection. This statistical

quantity is presented in fig. 5.5. The mean trajectory length is more than twice big-

ger after the reconnection. This aspect points out the efficiency of the reconnection

process.

5.4 Cleaning of groups

After the reconnection, another issue can be solved. Groups as the one presented in

fig. 5.4, with no false trajectories found by the algorithm, are outnumbered. Eight

of nine groups still contain trajectories that can not belong to fluorescent particles

embedded in the ball, because they are too far apart from all other trajectories and

they have only one or two direct friends. The reason why such trajectories are found

to belong to the ball is that they are indirect friends (via other trajectories) with the

trajectories of the ball. A group with trajectories selected falsely is shown in fig. 5.6.

For further analysis, such false trajectories will be removed from the groups in a way

explained below.

Since the trajectories are temporally longer than before the reconnection, it is easier

to check the groups again for such false trajectories. This cleaning process is based

on the find-pairs process in section 5.2, but only the direct friends are kept within

the group. In section 5.2, we calculated with eq. (5.10) the change in separation for

fluid tracers to be around 0.05Rp for the lowest Reynolds number used and a time of

around 0.75 τη (50 points in time). Compared to the find-pairs process, here we only

keep trajectories that have at least 3 direct friends. This parameter is a consequence
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(a) ~v is the velocity at the end of the original trajectory, ~d describes the distance between
the end of trajectroy 1 and the beginning of trajectory 2. The cylinder spanned by ~v, L and
h is represented in green. Using the scalar product between ~v and ~d, one can check if the
beginning of trajectroy 2 lies within the cylinder. Here, the only potential candidate for a
reconnection of trajectory 1 is trajectory 3. Trajectory 2 will be neglected.
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and ~v4 are the velocities at the beginning and the end of the linear interpolated part. If the
difference between ~v1 and ~v3, respectively between ~v2 and ~v4 is small enough compared to
the tolerance, the linear interpolated reconnection will be kept.

Figure 5.3: Sketch of the reconnection of trajectories in the finite-size particle. Finding
potential candidates for reconnection.
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Figure 5.4: Exemplary results of the reconnection process on the base of one particular
group
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Figure 5.5: PDF of the trajectory length for the trajectories belonging to a particle before
(blue) and after (after) reconnection for Rλ = 286.
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Figure 5.6: Example of the cleaning process after reconnection on the base of one partic-
ular group with Rλ = 374. This group is one with highest number of false trajectories, 32
trajectories were removed. In average the groups contain around 5 false trajectories.
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of the center calculation conducted in section 5.6 where at least 4 points in space are

needed. Therefore we increase the tolerated separation difference here to account for

the linear interpolated segments of the reconnection process. The parameters that

we use, are D = 8 mm (upper estimation of the balls diameter), separation tolerance

0.07Rp, minimum number of common points in time 50 (equal to 0.75 τη for the lowest

Reynolds number used and 2 τη for the highest Reynolds number). Figure 5.6 shows an

example of the cleaning process on the base of one particular group. It is a group with

one of the highest number of falsely selected and removed trajectories (32 trajectories

were removed). The average of removed trajectories is around 5 and one of 9 groups

is already free of false trajectories.

The trajectories belonging to balls are now identified, reconnected and cleaned of false

trajectories. Before we continue with the calculation of the center that results directly

in the translative motion, we discuss the influence of interpolated points on the further

analysis.

5.5 Interpolated points

As described in section 5.3 both the particle tracking code and the reconnection tech-

nique close temporal gaps in the trajectories by linear interpolation. These interpolated

points might bias the analysis. To keep care of that, all points provide an interpola-

tion marker that is either ”1” if the point is interpolated or ”0” if it is a measured

point. With this marker one can check the contribution of interpolated points to the

statistics. This is done by also convoluting the interpolation marker with the kernel

k(τ) and the same T and ω. Afterwards every velocity and acceleration value with

a contribution of interpolated points more than a certain threshold is discard. To be

strongly restrictive, we set the threshold to ”0”. Thus, we exclude interpolated points

from further analysis.

5.6 Finding the balls’ center

To calculate the ball’s center from the trajectories that belong to it, we make one

assumption. According to the injection technique described in section 3.2, the pene-

tration depth of the lancet is well defined. Thus we can assume that the fluorescent

particles are located in the ball with the same distance to the center. As mentioned be-

fore, the general equation of a sphere (see eq. (5.11)) is used to calculate a center with
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the positions of all trajectories existing at a certain instant. We assume that particles

that are well distributed around the center lead to a better center than particles that

are close together or far apart from each other. Thus, a center is computed for every

permutation of 4 points unless the distance between point pairs is smaller or larger

than a certain distance. The smallest allowed distance is set to dmin = 2 mm while the

biggest distance cannot be more than twice the radius. We estimate the radius to be

in maximum 8 mm, hence dmax = 16 mm.

Starting with the sphere equation,

(x− xc)2 + (y − yc)2 + (z − zc)2 =R2 (5.11)

x2c + y2c + z2c −R2

︸ ︷︷ ︸
=:A

− 2xc︸︷︷︸
=:B

x− 2yc︸︷︷︸
=:C

y − 2zc︸︷︷︸
=:D

z =− (x2 + y2 + z2)

−A+Bx+ Cy +Dz =x2 + y2 + z2 (5.12)

one gain a linear equation with 4 unknown variables. For each permutation of 4 points

one get the following linear system.

M · (A B C D)T = Tr(X ·XT ) (5.13)

with the matrices

M =




−1 x1 y1 z1

−1 x2 y2 z2

−1 x3 y3 z3

−1 x4 y4 z4




X =




x1 y1 z1

x2 y2 z2

x3 y3 z3

x4 y4 z4




(5.14)

and Tr the trace of a matrix. Solving the linear system for A,B,C and D yields the

center xc and the radius R (see eq. (5.12)).

We assume that a permutation with 4 points, homogeneously distributed in the ball,

results in a center and radius that is closer to reality than 4 agglomerated points.

Therefore, all gained centers and radii at one particular point in time are weighted by

the overall distance between the 4 points that were used to calculate these values.

Assume at one particular point in time, there are n trajectories existing. The number

of permutations with 4 trajectories out of these n trajectories is M = n!
4!·(n−4)! . pm is

m-th permutation of 4 trajectories with xpm(i) the position of i-th trajectory of that

permutation. Each permutation has to fulfill the following conditions to be used to
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Figure 5.7: Results of the center finding process for one example group. Figure (a) shows
the trajectories (thin lines) identified to belong to the particle and the center (thick green
line). Figure (b) shows the radius (bold black line) and the distances from the center to each
trajectory (solid lines) for the life time of the ball. In this specific case, the particle exists
for 1115 points in time =̂ 41.3 τη (τη = 9.5 · 10−3 s). The radius does not coincide with the
distances between center and trajectories due to spatial uncertainties in the position of the
fluorescent particles and the weighting of center and radius calculated. These uncertainties
cause also steps in the radius and in the distances to the center when a new trajectory appears
or a trajectory ends.
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arise from fluctuations in particle growing and injection of the fluorescent particles.
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calculate a center.

dmin < |xpm(i) − xpm(j)| < dmax with i 6= j ; i, j ∈ [1; 4] (5.15)

The overall weighted center is then given by

xc =

∑M
m=1 xc,pm ·

∑4
i=1

∑4
j=i+1 |xpm(i) − xpm(j)|∑M

m=1

∑4
i=1

∑4
j=i+1 |xpm(i) − xpm(j)|

(5.16)

The calculation of the radius is analogous.

At a point in time with 3 trajectories or less, it is not possible to calculate a center. An

interpolation of center position at the missing points in time is not done here to avoid

any bias. As an example, fig. 5.7 shows the result of the center finding process for one

group. The translative motion of the ball is directly given by the center trajectory.

The velocity and acceleration is calculated by convolution as described in section 5.1.

We figured out that spatial steps occur in the center trajectory and the radius from one

to another point in time when the number of trajectories used for the center calculation

changes between these points in time. These gaps arise from spatial uncertainties of

the trajectories used for the center calculation. They can result in high velocities

and accelerations that are physically not reasonable. To handle this issue, we add an

interpolation marker to the center trajectory. This maker is ”1” for the two instants

around a change in number of trajectories and ”0” everywhere else. After another

convolution of this marker signal with the same values as above, every velocity and

acceleration with a convolution value different from ”0” is discarded. That way we

exclude physical not reasonable results.

An overall size distribution of the balls used in the experiment is given in fig. 5.8. It

is calculated with the instantaneous radii computed by this algorithm. Although we

sort the balls to have roughly a diameter of 10 mm before the preparation, radii occur

that deviates by approximately 1.5 mm from the mean. This is due to fluctuations in

particle growing and injection of the fluorescent particles. However, most of the results

in section 6 which we refer to the particle size are calculated with the instantaneous

radius.

We focus now on the rotation calculation of the balls.
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5.7 The balls’ rotation

Since we already measured the translative motion of the ball, we now focus on the

rotation. To compute the rotation the Kabsch Algorithm is used (see Kabsch (1976,

1978)). It finds the optimal rotation between two point sets by minimizing the root

mean squared (RMS) of their separation. How the algorithm works is explained below

(see Kavraki (2007)).

Assume two given sets x and y of N paired points. The main idea behind the Kabsch

Algorithm is to find a 3 × 3 unitary matrix U so that the application of U to the

points of set x aligns them as best as possible with the points of set y. This means a

minimization of the distance d(Ux, y), whereby x and y has to be centered, thus both

their centroids coincide at the origin. Mathematically, this problem can be written as

the minimization of the root mean squared, D:

D =

[
1

N

N∑

i=1

(Uxi − yi)2
]1/2

(5.17)

⇔ ND2 =
N∑

i=1

[
(Uxi)

2 + y2i − 2Uxiyi
]

(5.18)

Minimizing the left hand side of eq. (5.18) is equivalent to maximizing the negative

term on the right hand side. Using the scheme, x is represented by the matrix X and

y by the matrix Y , the quantity to maximize is:

N∑

i=1

Uxiyi = Tr(Y TUX) = Tr((XY T )U) (5.19)

where Tr denotes the trace operator. Since XY T is a squared 3 × 3 matrix, it

can be decomposed through the Singular Value Decomposition (SVD) technique into

XY T = V SW T , where V and W T are the matrices of left and right eigenvectors of the

matrix XY T (V and W Torthonormal matrices) and S is a diagonal 3× 3 matrix that

contains the eigenvalues s1, s2, s3 in s1 ≥ s2 ≥ s3. With the rules of commutation for

Tr, the quantity to maximize is:

Tr(XY TU) = Tr(V SW TU) = Tr(SW TUV︸ ︷︷ ︸
=:T

) =
3∑

i=1

siTii (5.20)
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where the matrix T is defined as T =W TUV . T is a product of orthonormal matrices

and is itself an orthonormal matrix with det(T ) = ±1, where det denotes the determi-

nant of a matrix. Therefore each element of T is equal or smaller than 1. To maximize

eq. (5.20), all Tii have to be equal to 1. Thus T is the identity matrix I. A constraint

that has to be considered, is that

U = WTV T (5.21)

has to be a proper rotation with det(U) = 1 (rows/columns of it have to form a right

handed system). For det(XY T )> 0, it follows det(U) = 1. When det(XY T )< 0, it

occurs det(U) = − 1. In this case, one has to settle for the second largest value of

eq. (5.20). This values is obtained when T33 = − 1 since s3 ≤ s2 ≤ s1. Thus, when

det(XY T )> 0, T is the identity matrix; otherwise, it has a (−1) as its last diagonal

element. Taking det(XY T ) into account, one finally get the formula for the optimal

rotation U :

U = W




1 0 0

0 1 0

0 0 d


V T , (5.22)

where d = sign
(
det
(
XY T

))
with sign being the sign function.To sum up, the following

steps have to be conducted to obtain the optimal rotation matrix U (see Kavraki

(2007)).

1. Centering the two sets of points x and y by bringing their centroids back to the

origin

2. Building the 3×N matrices X and Y , for each set of points x and y,that contain

the coordinates for each of the N points after centering.

3. Computing the covariance matrix C =XY T

4. Computing the Singular Value Decomposition (SVD) of C = V SW T

5. Computing d= sign(det(C))

6. Computing the optimal rotation matrix U with eq. (5.22).

Equation (5.22) is the formula that we use to determine the rotation of the balls and

furthermore the rotation of the flow around the big ball. To do so, the following pro-

cedure is carried out.
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Mathematically, the Kabsch algorithm yields results for the optimal rotation for less

than 3 points per set x and y, we limit ourself to cases where 3 or more points are

available. This means, that for each group, respectively ball, we search for the instants

where a center exists. Since for the calculation of the center at least 4 points were

necessary, we have sufficient points at the point in time. From one to the point in time

we detect the points that exist at both times which form the data set x at time t1 and

set y at time t2. Only these points can be considered because the data sets x and y

have to contain the same points. Knowing that the centroid of the ball coincides with

its center, we subtract the position of the center in both cases and thus take care of

referring the points to the centroid. We now follow directly the process description

above and obtain the rotation matrix U that carries out the transformation of the

points x to the points y.

5.8 The flow around the balls

So far only the motion of the balls was considered. We now focus on the surrounding

flow that is analyzed for the points in time where a ball exists. After the calculation

of velocity and acceleration for all recorded trajectories, they are transformed to the

eulerian perspective. This means, storing position, velocity and acceleration of the

trajectories by time compared to storage by trajectory as in the lagrangian perspective

used so far. It allows to enter one distinct point in time to get position, velocity and

acceleration of all trajectories existing at that instant. In addition to the data of the

balls, all data of the surrounding flow is saved that occurs in a sphere of 5 ball’s radii

around it. We choose this limit, because 5 radii away from the center the surrounding

flow should remain undisturbed by the ball.

Main Facts

The main facts of the previous chapter:

• Velocity and acceleration calculation of all trajectories by a convolution with a

gaussian kernel.

• Separation of the recorded trajectories belonging to the balls and to the sur-

rounding flow. To do so, we use a fundamental characteristic of turbulence. The
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Figure 5.9: Visualization of a ball with tracers around it. This points out that we obtained
the 3D motion of the balls together with the dynamics of the flow around it.

flow trajectories separate from each other while the distance between trajectories

of a ball stay constant according to embedding.

• Closing gaps in the trajectories of balls by a reconnection process based on linear

interpolation.

• Discarding trajectories in the ball groups that do not belong to embedded fluo-

rescent particles.

• To avoid biasing, interpolated points are not considered in the analysis of the

dynamics.

• Calculation of ball’s center by using the sphere equation and permutations of 4

points.

• Calculation of ball’s rotation with the Kabsch algorithm.

• Analyzing the surrounding flow of the balls to gain velocities and accelerations.

We have reached half of our objectives by discussing our innovative experimental tech-

nique. This technique is the first one able to measure the full trajectories of the finite-

size particles (translation & rotation) together with the turbulent flow field around it

at the same time (see fig. 5.9). The trajectories are recorded in three-dimensions and at

high Reynolds numbers. The experiments are carried out with three different Reynolds
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numbers. Each of these measurement realizations contains more than 1 million trajec-

tories or 10 GB of data, respectively. This simultaneously recorded data allows us to

study the instantaneous coupling between the balls and the turbulent flow. The results

of our measurements are presented in the following chapter.
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Chapter 6

Results

We took Lagrangian tracking data for three different propeller frequencies driving the

turbulent flow in the apparatus, thus for three different Reynolds numbers. Each of

these three sets of data contains more than 200 trajectory files, each computed from

one triplet of camera movies with 3 s of acquisition time at a frame rate of 2900 Hz.

Using this frame rate, we sufficiently over-resolve the Kolmogorov time scale (27, 47

or 66 frames/τη respectively) and the frame rate can be kept constant for all three

Reynolds numbers. Each set contains more than 1 million trajectories and 200 million

single-point statistics. Working with the tree-dimensional trajectories, we distinguish

between 4 different species. These are:

1. the centers : the center trajectories of the balls, computed in section 5.6,

2. the surface points : the trajectories of fluorescent particles embedded in the balls,

3. the surrounding flow : the trajectories of tracers that exist in the surrounding of

a ball (between Rp and 4Rp away from the center, where Rp is the ball’s radius),

4. the flow without balls : all trajectories found for one set of measurements (one

Reynolds number) removed by the trajectories belonging to balls.

The chapter is structured the following way. We start with the determination of the

right filter width for the convolution that is used to compute velocity and acceleration.

Afterwards characteristic parameters of the turbulent flow are analyzed. Knowing

these parameters we focus on the balls’ dynamics. Primarily our technique is optimized

for two-point statistics between the balls and the surrounding flow. Nevertheless we

present some results of single-point statistics first. Afterwards two-point correlated

statistics between the balls’ dynamics and the surrounding flow are regarded. Later
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on, we turn to the rotation dynamics of the balls and the surrounding flow that we are

able to link to results of the two-point statistics.

6.1 Determination of the filter width

As explained in section 5.1, we use the derivative of a gaussian kernel to compute veloc-

ity and acceleration of the trajectories (see Voth et al. (2002), Mordant et al. (2004a)).

It is necessary for this process to determine the optimal temporal width of this filter,

Wf = 2T + 1, and its variance σf . Optimal means, that the statistics obtained by the

convolution are independent of the choice of Wf and σf . Furthermore, they should be

as small as possible to use the maximum amount of data. The relation between Wf

and σf is set to Wf = 6σf to capture 99% of the Gaussian distribution. We used all

trajectories found to compute mean velocity and acceleration, as well as their fluctua-

tions (measured by the standard deviation) for several filter variances σf . For one set

of data (Rλ = 374), the influence of the filter variance on the mean velocity and mean

acceleration is shown in fig. 6.1. Figure 6.2 provides the results for the fluctuations of

velocity and acceleration. The other two sets of data behave the same way.

We can observe that 〈vi〉 and their fluctuations
√
〈v2i 〉 − 〈vi〉2 as well as 〈ai〉 are

just slightly influenced by the filter variance σf while the fluctuations of acceleration√
〈a2i 〉 − 〈ai〉2 strongly depend on the choice of σf . Two regimes can be observed. It

can be shown (see Tropea et al., 2007) that applying the acceleration convolution filter

on pure-correlated (white) noise produces an acceleration variance which is

σa ∝
1

W
5/2
f

. (6.1)

This law describes the behavior of the fluctuations in the first regime. With increas-

ing filter width the contribution of noise gets smaller until the curves show a kink

at a certain σf . From this point, the contribution of noise is small, an the curves

remain almost constant. We determine the optimal σf at the kink of fig. 6.2 as

σf = 3.5 frames =̂ 0.13 τη. This is equivalent to Wf = 21 frames =̂ 0.78 τη.

6.2 Characteristics of the turbulent flow

Before the experiment can be used to investigate the dynamics of the balls, the under-

lying flow properties have to be determined. The calculations are based on the trajec-
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Figure 6.1: Mean velocity 〈v〉 and acceleration 〈a〉 as a function of the filter variance σf ,
computed with all trajectories recorded at Rλ = 374.
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Figure 6.2: Velocity STD
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√
〈a2〉 − 〈a〉2 as a function

of the filter variance σf , computed with all trajectories recorded at Rλ = 374.
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f [Hz] 0.87 0.6 0.5

〈u〉 [m/s] 2 · 10−4 4 · 10−6 −5 · 10−6

u′ [m/s] 0.1 0.07 0.057

〈a〉 [m/s2] -0.036 0.0045 0.0018

a′ [m/s2] 2.02 0.95 0.59

Table 6.1: mean and fluctuation velocities and accelerations

tories of the flow without balls. The following sections present basic flow properties

such as Reynolds number and Kolmogorov scales for the different propeller frequencies

that are used to drive the turbulent flow.

6.2.1 Characteristic velocity and acceleration

As a first approach to the flow field, the probability density function (PDF) of veloc-

ity and acceleration in the measurement volume of our apparatus are calculated. We

don’t show this PDFs here, because this has been done extensively in the past (see

Voth et al. (2002)). We obtain the mean velocity 〈ui〉 and mean acceleration 〈ai〉 as

the first moments of the PDF. The dependency of 〈ui〉 and 〈ai〉 on the propeller fre-

quency f is presented in fig. 6.3. We made investigations for three different propeller

frequencies (0.87 Hz, 0.6 Hz and 0.5 Hz). As expected according to the symmetry of

the flow (see fig. 3.2), the mean velocity and acceleration are close to zero and show

no scaling dependence on the propeller frequency. Thus, the fluctuations u′ and a′

are equal the root-mean-square (RMS) values
√
〈u2i 〉 and

√
〈a2i 〉 which are the second

moments of the PDFs. We get the values presented in tab. 6.1, where 〈u〉 ≡ 〈|u|〉 and

〈a〉 ≡ 〈|u|〉, respectively. The overall fluctuations are defined as u′ = 1/3 ·∑3
i=1

√
〈u2i 〉

and a′ = 1/3 ·∑3
i=1

√
〈a2i 〉, respectively.

While the fluctuations u′i are on the order of several cm/s, the mean velocities are less

than 1% of it. The fluctuation accelerations a′i are on the order of several tenth cm/s2,

whereas the mean acceleration is less than 5% of this values. A linear growth (u′i ∝ f

and a′i ∝ f) with propeller frequency can be observed for the fluctuations (see fig. 6.4).

This behavior agrees well with previous experimental results in a von-Kármán flow

from Voth et al. (2002).

In fig. 6.5 we go one step further. A spherical map of the magnitude of u′ is presented

for the measurement with f = 0.5 Hz. The other two measurements show the same
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Figure 6.3: Component-wise distribution of 〈u〉 and 〈a〉 for 3 different propeller frequencies
used to drive the turbulence in the apparatus. Both plots show that the mean values are
closed to zero. x-component (+), y-component (o) and z-component (triangle).
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Figure 6.6: Estimation of ε(r) for f = 0.87 Hz by using the 4 different functions described
above. The bold black line is our estimate for ε. The black dashed lines represent ±4% of
this value that gives an estimation of the error. In this case (f = 0.87 Hz, Rλ = 374), we get
ε= 0.011 m2/s3. The other two frequencies yield ε= 0.0037 m2/s3 for f = 0.6 Hz (Rλ = 302)
and ε= 0.0019 m2/s3 for f = 0.5 Hz (Rλ = 286). While the second order structure functions
DLL and DNN show a smooth behavior and are slowly decreasing in the inertial range,
the third oder structure function DLLL decreases rapidly. The mixed velocity acceleration
structure function 〈δrvδra〉 is noisy because it is a high order quantity.

behavior. One observes higher fluctuations, perpendicular to the x-axis (axis of rota-

tion, see fig. 3.3) than along it. This is the behavior that we expect by the symmetry

of the flow (see fig. 3.2). Perpendicular to the axis of rotation the fluctuations are

almost equal. The ratios u′x/u
′
y = 0.769 and u′x/u

′
z = 0.737 are a quantitative prove for

that. These ratios are in good agreement with the results of Voth et al. (2002). They

achieved u′axial/u
′
transverse = 0.68. In the following, the fluctuations are separated in an

axial part along the axis of rotation and a transverse part perpendicular to it.
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6.2.2 Energy dissipation rate

To determine the energy dissipation rate ε of our flow, we calculate the second-order

Eulerian velocity structure function as introduced in section 2.2.4. As mentioned there,

the Kolmogorov constant is C2 = 2.1 (see Sreenivasan (1995)). With (2.35) one can

write:

ε(r) ≈ 1

r

(
DLL

C2

)3/2

=
1

r

(
3DNN

4C2

)3/2

. (6.2)

In addition, two other exact predictions for the inertial range can be used to determine

ε. The first one, is Kolmogorov’s ”four-fifth law” from eq. (2.40)

ε(r) ≈ −5

4
· DLLL

r
(6.3)

and the second one is a theorem on the velocity-acceleration mixed structure function

(see Hill, 2001) that predicts

〈δru · δra〉 = −2ε. (6.4)

Hence we can compute 4 individual estimates of the energy dissipation ε. In the

inertial range, all the above mentioned functions should show a plateau. The height

of the plateau is equivalent to ε. As an example, the four functions are presented for

propeller frequency (f = 0.87 Hz, Rλ = 374) in fig. 6.6. The functions for the other two

frequencies look equivalent and the estimation of ε is done the same way. From these

plots, we estimate the following ε-values.

f [Hz] 0.87 0.6 0.5

ε [m2/s3] 0.011± 44 · 10−5 0.0037± 15 · 10−5 0.0019± 7.6 · 10−5

Table 6.2: Estimation of energy dissipation rate ε

6.2.3 Scaling of characteristic parameters

Knowing the velocity fluctuation u′, the energy dissipation rate ε and the kinematic

viscosity of water at room temperature (the experiments are carried out under these

conditions), ν = 10−6m2/s, we can compute the characteristic parameters of the flow

such as Kolmogorov length and time scale, integral length scale and Reynolds number.
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prop. Rλ u′ ε L η τ η Nf

freq.

[Hz] [m/s] [m2/s3] [mm] [µm] [ms] [fr/τη]

0.87 374± 8 0.1 0.011± 44 · 10−5 93± 4 98± 1 9.5± 0.2 27

0.6 302± 7 0.07 0.0037± 15 · 10−5 89± 4 128± 1 16.4± 0.3 47

0.5 286± 6 0.057 0.0019± 7.6 · 10−5 86± 4 151± 2 22.8± 0.5 66

Table 6.3: Parameter of the experiment. Rλ = (15u′L/ν)1/2 is the Taylor scale Reynolds
number. u′ is the fluctuation velocity (root-mean-square velocity). ε is the energy dissipation
rate per unit mass. L= u′3/ε is the integral length scale. η = (ν3/ε)1/4 and τη = (ν/ε)1/2 are
the Kolmogorov length and time scales, respectively, where ν is the kinematic viscosity of
the fluid. Nf is the frame rate of the cameras, in frames per τη.

We remind the equations we achieved in section 2.2.2.

η = (ν3/ε)1/4, τη = (ν/ε)1/2, L = u′3/ε, Rλ =

√
15
u′ L

ν
(6.5)

An overview of the characteristics parameters of our experiments calculated via these

equations are presented in tab. 6.3. To check wether these results are reasonable, we

consider their scaling with the propeller frequency.

According to equation (2.21) (ε ∝ U3/L) and the observation that u′ ∝ f , we should

see that

ε ∝ f 3 (6.6)

for L= const (we will see later that this is fulfilled). Hence, the energy dissipation rate

should scale with the frequency to the power 3. The scaling of the Kolmogorov time

and length scales with the propeller frequency is, according to eq. (6.5),

η ∝ ε−1/4 ⇒ η ∝ f−3/4 and τη ∝ ε−1/2 ⇒ τη ∝ f−3/2. (6.7)

The dependency of ε, η and τη on the frequency is presented in fig. 6.7 and fig. 6.8.

The dashed lines are a powerlaw fits to verify wether the computed parameters fit to

the predictions or not. For all three parameters the powerlaw relations are comparable

with the theoretical predictions.

In addition it is also possible to estimate the integral length scale L

L ≈ u′3

ε
. (6.8)
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and the Taylor scale Reynolds number Rλ with

Rλ =

√
15
u′L

ν
=

(
15

ν

)1/2

ε−1/2u′2. (6.9)

using equation (6.5). Our estimates of L and the calculated Rλ for different propeller

frequencies are presented in fig. 6.9. The estimates of L are all of the same order and

agree to the dimensions of our apparatus and the size of the propellers (Rprop = 14 cm).

As expected, L is not dependent on f . In contrast, the Taylor scale Reynolds number

increases with propeller frequency as a result of eq. (6.9) by

Rλ ∝ u′1/2
u′∝f−−−→ Rλ ∝ f 1/2. (6.10)

This powerlaw behavior can be observed in fig. 6.9b.
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Figure 6.7: Scaling of ε with the propeller frequency f .The exponent of the power law fit
are almost equivalent to the exponent form the theoretical predictions. The measurement of
ε seem to be reasonable
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Figure 6.9: No scaling dependency with the propeller frequency can be stated for the
integral length scale L. The Taylor scale Reynolds number increase with frequency.
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6.3 Single-point statistics of balls and flow

Before considering any results, we want to point out that primarily our experimental

technique is optimized for correlation statistics between the balls and the surrounding

flow. To study single-point statistics of finite-size particles, one could record a solid

sphere in a turbulent flow obtaining directly the single-point statistics of that particle.

Compared to that, we have to calculate the single-point dynamics via the recorded

surface points. This method is susceptible stronger to spatial errors. Nevertheless we

present some results of the single-point dynamics.

6.3.1 Velocity statistics

The first quantity that we consider is the velocity probability density function (PDF). It

shows the relative distribution of velocities, normalized to 1. We calculate and compare

the velocity PDFs of the ”centers” (center trajectory of the balls) and the ”surrounding

flow” (tracers around the balls). The total number of data points of these 2 species

are listed in tab. 6.4 together with the ”surface points” and the ”flow without balls”

that we consider later. The fewest data exist for the center of the balls. The surface

points have around six times more statistics and the flow around approximately twenty

times more. The flow without balls contains five hundred times more data points as

the balls’ center. How this difference in statistics influences the statistical quantities

considered, will be discussed later.

In fig. 6.10a the velocity PDF of the centers and flow around are plotted for all Reynolds

numbers measured. The distributions are rescaled by their STD1 value and normalized

to 1. In addition a gaussian distribution is fitted with P (x) = 1
s
√
2π

exp
(
−(x−m)2

2s2

)

and best fit parameter s= 1.05 and m= 0. The flow and centers coincide well to

the gaussian in the range between −2.5σ and 2.5σ. For higher velocity events, the

1standard deviation: σ(v) = (〈v2〉 − 〈v〉2)1/2

Rλ centers surface points surrounding flow flow without balls

374 0.28 1.6 8.4 158

302 0.47 2.4 10.1 322

286 0.82 4.4 18.8 571

Table 6.4: Number of data points for single-point statistics [106]
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Figure 6.10: PDF of the velocity components (a) and velocity norm (b) of the balls and
the flow around, normalized by their standard deviation, for all three Rλ. The black, dashed
line is a gaussian fit with best-fit parameters σ = 1.05 and mean = 0.
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PDFs vary from each other. The flow around follows the gaussian distribution, as

expected (see Voth et al. (2002)). The centers seem to have slightly reduced tails.

Furthermore, the distributions get more fuzzy. This results from the differences in

statistics (see tab. 6.4). The flow around has roughly 20 times more statistics than the

centers. This leads to stronger fuzzy tails of the center PDF, since high statistics are

needed to resolve these rare velocity events. However, the gaussian distribution fitted

additionally points out a characteristic feature. The velocity PDF of the flow and the

centers (except the slightly reduced tails) has a Gaussian character. This result agree

to findings of Zimmermann et al. (2011).

Considering the PDF of the velocity norm in fig. 6.10b, one observes that the PDFs

of the centers are slightly shifted to higher velocities. Nevertheless, flow around and

centers agree well.

To verify wether our statistical values are significant or not, we consider the influence

of the data number on the convergence of the mean velocity. Due to the high number

of data points of the flow without balls, we assume its mean values to be strongly

converged and we do not consider it here. Thus, for three Reynolds numbers and for

3 species of trajectories (centers, surface points and flow around) , 〈vi〉n and 〈v2i 〉n are

calculated instantaneously with each new data point recorded.

〈vi〉n =
1

n

n∑

j=1

vi,j and 〈v2i 〉n =
1

n

n∑

j=1

v2i,j (6.11)

where i denotes x, y, z and | · | of v and n is the number of used data points. We plot the

mean values against n. With increasing number of data points, the fluctuations of the

mean values become smaller. A quantity is converged when the number of data points

is high enough and its curve reaches a plateau. As an example, the convergence plots

of the balls’ centers are presented in fig. 6.11. The varying length of the curves results

from the difference in total number of data points (see tab. 6.4). Considering the mean

velocity values, one can observe a converged behavior for Rλ = 302 and Rλ = 286. The

curves with Rλ = 373 still show strong fluctuations due to the lowest number of data

points.

To capture the fluctuations of the mean values quantitatively, we estimate the lower

limit of the convergence plateau for each species of trajectories and each Rλ (see

tab. 6.5). From the data in the plateau range, we obtain precise velocity STDs with:

σ(vi) =
(
〈v2i 〉p − 〈vi〉2p

)1/2
(6.12)
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Figure 6.11: Convergence of the mean velocities 〈v〉 and 〈v2〉 of the balls’ centers. With
increasing number of data points used, the mean values become more stable and reach a
plateau range. The length of the plateau range estimated is depicted by the black dashed
lines. The total number of data points vary between the 3 measurements (see tab. 6.4).
Therefore the curves have different lengths and show different levels of convergence.
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Rλ flow around surface points centers

374 〈v〉 5 (40%) 1 (37%) 0.1 (66%)
〈v2〉 5 (40%) 1 (37%) 0.1 (66%)

302 〈v〉 6 (43%) 1.5 (37%) 0.3 (36%)
〈v2〉 6 (43%) 1.5 (37%) 0.3 (36%)

286 〈v〉 10 (43%) 2 (55%) 0.4 (51%)
〈v2〉 10 (43%) 2 (55%) 0.4 (51%)

Table 6.5: Estimators of the lower limits of the velocity convergence plateau [106]; in
brackets: ratio of data points within the plateau range and the total number of data points

Rλ flow without balls flow around surface points centers

374 σ(vax) 0.0831 0.0920± 17e-4 0.0798± 18e-4 0.0795± 25e-4
σ(vtr) 0.1093 0.1133± 10e-4 0.1067± 12e-4 0.1062± 24e-4

302 σ(vax) 0.0557 0.0576± 5e-4 0.0515± 6e-4 0.0519± 6e-4
σ(vtr) 0.0755 0.0763± 5e-4 0.0697± 9e-4 0.0696± 8e-4

286 σ(vax) 0.0452 0.0490± 2e-4 0.0440± 3e-4 0.0441± 3e-4
σ(vtr) 0.0629 0.0656± 6e-4 0.0614± 8e-4 0.0618± 7e-4

Table 6.6: σ(v) [m/s] and its error for three Rλ and 4 different species of trajectories,
calculated via the convergence study.

where i denotes the three velocity components and p denotes the average within the

plateau range. Furthermore we calculate the error of the STDs via the error evolution

law.

We now focus on these standard deviations that lead to the collapse of the velocity

PDFs in fig. 6.10a. The calculated STDs axial and transverse to the axis of rotation

and of the velocity norm are summarized in tab. 6.6. The overall trend is a decrease of

the fluctuations for decreasing Rλ. The fluctuations of the surface points and the one

of the centers are almost the same. Therefore, we neglect the surface points here. The

values for the flow around and the flow without balls vary slightly from each other,

whereas the fluctuations of the flow without balls is smaller than the one of the flow

around. Furthermore we observe that the transverse fluctuations are stronger than ax-

ial. This behavior coincide with the finding in fig. 6.5 that is a result of the symmetry

of the flow. We can express this table as a plot.

The dependence of the STDs on the Reynolds number is presented in fig. 6.12a for

the centers and the flow around. As mentioned before, the curves of the transverse

fluctuations are higher than those axial. It can be seen that the fluctuations of the flow
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Figure 6.12: (a) Axial and transverse velocity STDs with error-bars for different Reynolds
numbers. Linear fits are done for each component. (b) Dimensionless axial and transverse
velocity STDs with error-bars for different relative balls’ diameter. Rescaling with the Kol-
mogorov velocity scale with σ̂(v) = σ(v) · (ε ν)−1/4. The STDs and their errors result from
velocity convergence and are listed in tab. 6.6. The straight lines are linear fits.



6.3 Single-point statistics of balls and flow 109

around are always larger than the one of the centers. We try to remove the Reynolds

number dependence of the STDs by normalization with the Kolmogorov velocity scale

uη. We look at the dimensionless quantity σ̂(v) = σ(v) · (ε ν)−1/4 dependent on the

relative balls’ diameter Dp/η, where ε is energy dissipation rate, ν is the kinematic

viscosity of water, Dp is the balls’ diameter and η is the Kolmogorov length scale. This

function is displayed in fig. 6.12b. The behavior of the curves are almost the same as

in fig. 6.12a but with a smaller slope. This plot seems to have still a Reynolds number

influence because the STD of the flow around is not constant as expected. Further-

more, the curves tell us that the STDs of the balls increases with relative diameter.

This is not the expected case. We assume that the balls’ inertia has a filtering effect on

the velocities experienced by the ball. Thus, with increasing balls diameter, the STDs

should decrease. Neglecting the data points at the largest relative size, the remaining

data points would indicate this prediction. This observation assume that the data

point with largest relative size is not exact. This might be the case, because it belongs

to the measurement with the fewest data points (Rλ = 373) and no obvious plateau in

fig. 6.11.

Nevertheless, one important feature of the balls can be observed. The slope of the

flow is different to the one of the ball, at least significantly for the transverse case.

Hence, the difference in STD between flow and ball increases with increasing diameter.

Although the overall STD of the balls increases, this tells us that the balls experience

smaller fluctuations as the flow around. This effect increases with the relative diameter

and is an indication of the filtering effect mentioned before.

To study the evolution of the fluctuation difference between balls and flow around,

we now consider the dependency of the relative root-mean-square (RMS) difference

(〈|u|2〉 − 〈|v|2〉)/〈|u|2〉 on the relative balls diameter. Hohmann and Bec (2010) pro-

posed a power-law scaling ∝ (Dp/η)2/3 that results from K41 theory. Our results are

displayed in fig. 6.13. The increase of the fluctuation difference between ball and flow

around is observable. The error-bars of the values are computed with the errors of the

velocity RMS values via error propagation. The blue curve is a power-law fit to the

3 data points and yield an power-law exponent of 0.9. Although this value is larger

as the prediction of Hohmann and Bec, it is of the same order and express the overall

behavior of the velocity fluctuation difference.
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Figure 6.13: Relative velocity RMS difference between balls and flow around as proposed
by Hohmann and Bec (2010). They found a power-law scaling with (Dp/η)2/3 for particle
sizes in the inertial range.

6.3.2 Acceleration statistics

Next, we discuss the acceleration dynamics. The component-wise acceleration PDF of

the flow without balls is presented in fig. 6.14a for all three Reynolds numbers. The

distributions are rescaled by their STD acceleration and normalized to one. A stretched

exponential with P (x) = exp(3s2/2)

4
√
3

[
1− erf

(
ln(|x/

√
3|)+2s2√
2s

)]
, proposed by Mordant et al.

(2004a) (see also Qureshi et al. (2008) and fig. 2.12), is fitted to the distributions with

a best fit parameter s= 0.85. We observe that the flow accelerations coincide well with

this fit. The fit in fig. 2.12 was done with s ≈ 0.62. This difference in s between our

data and Qureshi et al. is due to the difference in the turbulent flow used. They use a

wind tunnel experiment with decaying turbulence while we are using an axis-symmetric

horizontal von-Kármán water flow. Therefore a direct comparison is difficult. However,

our results agree well with previous measurements conducted in a von-Kármán flow

with Rλ = 690 by Mordant et al. (2004a). The acceleration PDF measured is strongly

non-gaussian. The wide tails with higher probabilities for extreme events than the

gaussian velocity distribution is characteristic for turbulent flows. They have been

topic of extensive research in the last years (see Voth et al. (2002)).

In fig. 6.14b the component-wise acceleration PDF of the centers and the flow around is
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Figure 6.14: (a) Component-wise acceleration PDF of the flow with out the balls for
all Reynolds numbers. The distributions are rescaled by the STD and normalized to one.
Additionally a stretched exponential is fitted with s = 0.85. Results of a previous von-
Kármán measurement with Rλ = 690 by Mordant et al. (2004a) agree with our results.
(b) Component-wise acceleration PDF of the centers and the flow around the balls for all
Reynolds numbers. Again rescaled by their STD and normalized to the same maximum to
better compare their tails. The stretched exponential of the flow without balls is added to
allow comparisons.
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Figure 6.15: Acceleration norm PDF of centers, the flow around and the flow without balls.
The distributions are again rescaled by their STD and normalized to the same maximum. A
log-normal is fitted to the flow PDF with s = 0.85 and m = −0.41 that is the base of the
stretched exponential fit of the components in fig. 6.14 (see Mordant et al. (2004a)).

depicted for all Reynolds numbers. The distributions are rescaled by their STD values

and normalized to the same maximum to allow comparison of the tails. Compared

to the stretched exponential of the flow without balls, the flow around show reduced

probabilities within a range of [−3σ; 3σ]. Beyond that, the tails are higher than for the

stretched exponential. Compared to the velocity distributions, the flow and the centers

do not collapse. The PDF of the centers are thinner as those of the flow around. Its

reduced tails for high acceleration events is an indication of the damping effect of its

inertia. This might also influence the flow in the surrounding. We assume a region of

influence by the balls on the flow around them. This can be the reason of the range of

reduced probabilities of the flow around.

The damping effect of the balls is also observable in fig. 6.15 where the acceleration

norm is presented. The distributions are again rescaled by their STD and normalized

to the same maximum. As proposed by Mordant et al. (2004a) the acceleration norm

of the flow follows a log-normal distribution with P (x) = 1
xs
√
2π

exp
(
−(ln(x)−m)2

2s2

)
and

best fit parameters s = 0.85 and m = −0.41. As for the component-wise acceleration,

the PDF of the centers show the most reduced tails. This is a consequence of the

damping effect mentioned before. The flow around does not show a unique behavior.
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Nevertheless, it has reduced tails compared to the flow without balls in the range that

we consider here. This might be due to the influence of the balls which we study in

detail in the next section.

Before, we investigate the evolution of the acceleration fluctuation like we conducted

for the velocity. To get a better estimate for the STDs and their errors than the second

moments of the PDFs discussed, we conduct the same convergence process as been

done for the velocity according to eq. (6.11). With each new data point, we calculate

the instantaneous average of the acceleration. Afterwards, we determine the plateau

range where the average becomes stable and show small fluctuations. From this plateau

range, we extract the STDs and their errors. An overview of the STDs estimated is

given in tab. 6.7.

As for the velocity we observe an overall increase of acceleration fluctuations with in-

creasing Reynolds number Rλ, except for the centers. This is a result of the acceleration

averages of the center that are not converged due to too little statistics. In general,

the STDs transverse to the axis of rotation are higher as axial, by the symmetry of the

flow (see fig. 6.5). Comparing the 4 species of trajectories one observes that the flow

without balls has smaller fluctuations as the flow around. Here, the fluctuations of

the surface points deviate from those of the centers. They are smaller. Therefore, we

consider them in the following as well. While the flow without balls has the smallest

fluctuations over all, followed by the surface points and the flow around, the balls’ cen-

ters show high acceleration fluctuations. For the lowest Reynolds number, e.g., they

are almost one order bigger than those of the flow without balls. This is rather un-

physical and results from noise that influences the calculation of the centers themselves

and their accelerations. We have a look on the plots of these values. The dependence

of the acceleration STD on the Reynolds number Rλ is shown in fig. 6.16.

We notice that the transverse fluctuations are higher than the axial ones. This due to

Rλ flow without balls flow around surface points centers

374 σ(aax) 1.961 3.278± 0.136 2.194± 0.078 4.324± 0.784
σ(atr) 2.046 4.461± 0.187 3.561± 0.183 5.162± 0.821

302 σ(aax) 0.903 1.834± 0.039 1.563± 0.076 5.432± 0.760
σ(atr) 0.972 2.828± 0.039 2.528± 0.072 5.456± 0.629

286 σ(aax) 0.543 1.681± 0.035 1.491± 0.027 4.854± 0.137
σ(atr) 0.613 2.702± 0.059 2.389± 0.039 5.503± 0.305

Table 6.7: σ(a) [m/s2] and its error for three Rλ and 4 different species of trajectories
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Figure 6.16: Axial and transverse acceleration STDs with error-bars for different Reynolds
numbers. The STDs and their errors result from the acceleration convergence and are listed
in tab. 6.7. The straight lines are linear fits.

the symmetry of the flow mentioned before. Turning to the behavior of the centers,

one observes a decrease with increasing Reynolds number for both the axial and the

transverse STD. This behavior is rather unphysical and results from the non-converged

averages and the influence of noise mentioned before. Focussing on the surface points

and the flow around, one can see that the STDs of both increase with increasing

Reynolds number. This is the character expected for rising Rλ. However, they do not

increase with the same strength.

The STDs of the surrounding flow increases stronger as those of the surface points.

We observed that behavior for the velocity already. Its reason is the filtering effect of

the balls due their inertia. To check wether this is valid for the acceleration as well, we

consider the dependence of the STDs on the relative particle size Dp/η. Furthermore,

to remove Reynolds number influences, we make the fluctuations dimensionless. To do

so, we use the Heisenberg-Yaglom scaling. This predicts that the acceleration variances

of a turbulent flow scale with 〈a2i 〉fl = a0 ε
3/2 ν−1/2 where ε is the energy dissipation

rate, ν is the kinematic viscosity of the flow and a0 is a dimensionless parameter. We

use this formula to make the variances of the flow without balls and the flow around the

balls dimensionless. In our case the acceleration variances are described by σ(ai)
2 and

we get a0 = σ(ai)
2 ε−3/2 ν1/2. To check the Heisenberg-Yaglom prediction, we plot these

values against Reynolds number (see fig. 6.17a). The data of the entire flow is almost
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Figure 6.17: (a) Dimensionless axial and transverse acceleration variance a0 of the turbulent
flow. The Heisenberg-Yaglom formular is used to rescale σ(ai)

2 and make it dimensionless.
The lines are linear fit to the data points. (b) Dimensionless axial and transverse acceleration
variance A0 of the centers and the surface points. Rescaling via the Heisenberg-Yaglom
formula. The lines are power-law fits to the data points. The markers are the same as in
fig. 6.16.
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constant for the different relative particle sizes (power-law exponent of −0.1). This is

not the expected behavior. In this range of Reynolds number, a0 should show a slight

increase with Rλ (see Voth et al. (2002)). Furthermore, the dimensionless acceleration

variance of the flow around is decreasing even stronger. Thus, the Yaglom-Heisenberg

scaling does not show the behavior expected as from the previous study mentioned

above.

Voth et al. (2002) proposed that the acceleration variance of finite-size, neutrally buoy-

ant particles, rescaled by the Heisenberg-Yaglom formula, scales with (Dp/η)−2/3 . We

check wether our data fit to this prediction. We rescale the acceleration variance to

A0 = σ(ai)
2 ε−3/2 ν1/2 and plot A0 against Dp/η (see fig. 6.17b). In this plot, one ob-

serves that the dimensionless acceleration variance of the centers and the surface points

is always higher as the one of the flow around. This is equivalent to the findings in

tab. 6.7. It results from the non-converged averages and the influence of noise. Fur-

thermore the power-law exponent of the centers and the surface points is too large and

does not reproduce the 2/3-prediction by Voth et al. (2002) (see also Qureshi et al.

(2008, 2007)). But in contrast, the relation of the curves to each-other again points out

an important feature of the balls. The decrease of the center and the surface points

with increasing particle size is stronger as the one of the flow around. The acceleration

variance difference becomes larger. This is an important point that indicates the fil-

tering effect of the balls due their inertia. As larger the balls become as stronger they

filter the accelerations that they experience.

Main results

To conclude, although our technique is optimized for two-point statistics and not meant

for single-point investigations, we are able reproduce qualitatively important features

of single-point turbulent statistics. We measure the PDF of velocity and showed its

gaussian character. Furthermore, we notice that the velocity fluctuations of the flow

and the balls, measured by the STD, increase with Rλ. We try to remove Reynolds

number influences on the fluctuations by rescaling with the Kolmogorov velocity scale

uη. Thereby, we find that the balls experience less fluctuations as the flow around when

the particle size increases. This feature is a result of the balls’ filtering effect due to

their inertia.

Focussing on the acceleration, we measure the acceleration PDF and showed its strongly

non-gaussian character. Our data fits well to former measurements conducted in a

von-Kármán flow and can be fitted by a stretched exponential function (see Voth
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et al. (2002)). The acceleration PDFs already point out the reduced tails of the balls’

distribution. This is again a consequence of the filtering due to inertia. Furthermore,

the PDF of the flow around shows reduced probabilities compared to the flow without

balls. This is an indication of the ball-flow interaction. Turning to the fluctuations,

we notice that the acceleration STDs increase with Rλ. Rescaling the acceleration

variances by the Heisenberg-Yaglom formula, we can reproduce the decrease of the

dimensionless variance A0 with increasing particle size. The 2/3-power-law scaling

proposed by Voth et al. (2002) is not reproducible. But an important feature cand be

pointed out. The balls’ dimensionless variance A0 decrease stronger as a0 of the flow

around. Hence, with increasing particle size, the balls experience lower acceleration

fluctuations as the flow around. This feature results again from the filtering effect due

to inertia.

6.4 2-point statistics of balls and flow

After the discussion of the individual single-point statistics of the balls and the flow

around them, we now consider their interaction with each other. Like in the previous

section, we start with the velocity PDF. We calculate the PDF of the velocity difference

between the balls and the fluid around, δvi(r) = (ui(r) − vp,i), for various distances r

to the balls’ center. Here, ui(r) is the velocity component i of a tracer at a distance r

from the center and vp,i is the ball’s velocity component i. The region around the balls,

between 1Rp and 5Rp where Rp is the radius of the ball, is divided into 12 spherical

shells equally spaced. These shells have a width of around 0.34Rp. For each shell a

PDF of the velocity difference is calculated as explained above. The result for one

component and for Rλ = 286 is presented in fig. 6.18.

Away from the ball, the PDFs are close to gaussian, as we already observed in fig. 6.10a

for the velocity components of the flow around the balls. With decreasing distance r

the distributions get narrower. This is the expected effect when we assume no-slip

velocity at the surface of the balls. The fluid at the surface moves equivalent to the

surface of the ball. Hence, the velocity difference tends to zero. Since here we use

the velocity of the balls’ center and the shells have a certain width, we are only able

to resolve an indication of this transition effect. Nevertheless, our results are in good

agreement with numerical results of Naso and Prosperetti (2010).
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Figure 6.18: PDF of the velocity difference δvi(r) = (ui(r) − vp,i) between the balls (vp,i)
and the flow around (ui(r)) at different distances r from the ball’s center with Rλ = 286. In
this case the PDF of x-component is presented. The PDFs are rescaled by the STD. The
distances range from r ≈ 1.2Rp (dark blue) to r ≈ 5Rp (orange) where Rp is the ball’s radius.
The black dashed curve is a normal distribution fitted to the maximum of the orange curve.

6.4.1 2nd-order velocity structure functions

Next, we focus on the 2nd-order Eulerian velocity structure function between the balls

and the flow around (introduced in section 2.2.4) which is the average of the velocity

difference squared. The notation ”Eulerian” states that the velocity difference is com-

puted between points existing at the same time, but at different positions in space.

We call it the ”mixed structure function” due to the mix of the balls’ and the flow’s

velocity. This structure function sheds light on the instantaneous velocity correlation

of the balls and the surrounding flow. According to eq. (2.30), its longitudinal part is

derived with

Dmix
LL (r) = 〈([vp(0, t)− u(r, t)] · r̂)2〉. (6.13)

vp(0, t) is the velocity of the balls’ center at time t, u(r, t) is the flow velocity at a

distance r away from the center at time t and r̂ is the normalized separation vector

between these two points. To compare this structure function to inertial range effects,

we normalize it by the K41 prediction D̂LL(r) =DLL(r)/(C2 (ε r)2/3) (see section 2.2.4).

In the inertial range, D̂LL is expected to show a plateau range equal to 1. In fig. 6.19a

D̂mix
LL is plotted against the relative distance from the center of the ball r/Rp where Rp
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is the radius of the ball. Furthermore D̂flow
LL (longitudinal 2nd-order Eulerian velocity

structure function between tracers in the surrounding of the ball) is plotted the same

way.

One observes that both quantities tend to 1 for increasing separation distance. For

separations r ≤ 3Rp the behavior of the two quantities is different. While D̂mix
LL

decreases for r/Rp → 1 (first slightly, but rapidly below r/Rp = 2), D̂flow
LL stays at 1

and decreases slightly below r/Rp = 2. This behavior is valid for the three different

Reynolds number measurements. We focus on the formula of the 2nd-order structure

function to find out the consequence of the behavior observed.

D(r) = 〈[v(0)− u(r)]2〉
= 〈v(0)2〉 − 2 〈v(0)u(r)〉+ 〈u(r)2〉

Assuming that the root-mean-square (RMS) values are equal, (〈v(0)2〉 = 〈u(r)2〉)
yields:

D(r) = 2〈u2〉
(

1− 〈v(0)u(r)〉
〈v2〉︸ ︷︷ ︸
Cv(r)

)
, (6.14)

where Cv(r) is the correlation function normalized by the RMS value of the balls.

Equation (6.14) is individually valid for DLL(r) and the normal part of the structure

function DNN(r) considered later. In fig. 6.19a we see that D̂mix
LL < D̂flow

LL in the range

1≤ r/Rp≤ 3. With eq. (6.14) this leads to

Dmix
LL (r)

Dflow
LL (r)

=
(1− Cmix

v (r))

(1− Cflow
v (r))

< 1

⇒ Cflow
v (r) < Cmix

v (r) (6.15)

This relation points out that the longitudinal velocities of ball and flow around are

stronger correlated as the flow velocities themselves in the range 1≤ r/Rp≤ 3. This in-

dicates that the balls effect the turbulent flow around them. The influence is strongest

in a range of one radius around the ball. Beyond that, the influence vanishes contin-

uously with increasing separation. These results agree well to numerical findings of

Naso and Prosperetti (2010).

In addition to the structure functions, we estimate their errors (see fig. 6.19b). The
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Figure 6.19: (a) normalized longitudinal 2nd-order Eulerian velocity structure function
D̂mix
LL of the balls’ center and the flow around. D̂mix

LL is a function of the relative separa-

tion distance r/Rp where Rp is the balls’ radius. In addition, D̂flow
LL of the tracers in the

surrounding flow is presented. The r/Rp-value equals 1 symbolizes the surface of the balls.

Since separations between tracers smaller than rp are possible, D̂flow
LL starts at r/Rp = 0. (b)

the same plot with errorbars for both structure functions
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Rλ = 374 Rλ = 302 Rλ = 286

r/Rp mixed flow mixed flow mixed flow

1 0.006 1.168 0.044 0.750 0.054 1.600
1.2 0.032 1.573 0.069 1.025 0.123 2.184
1.4 0.074 2.018 0.107 1.314 0.201 2.786
1.6 0.115 2.497 0.145 1.616 0.278 3.415
1.8 0.156 3.002 0.180 1.933 0.360 4.107
2 0.198 3.481 0.225 2.216 0.440 4.774
2.2 0.238 3.991 0.270 2.584 0.520 5.472
2.4 0.284 4.476 0.322 2.914 0.604 6.136
2.6 0.327 4.920 0.376 3.226 0.705 6.792
2.8 0.378 5.371 0.420 3.579 0.799 7.404
3 0.424 5.800 0.478 3.875 0.902 8.033
3.2 0.471 6.158 0.527 4.145 1.006 8.566
3.4 0.521 6.501 0.588 4.405 1.104 9.093
3.6 0.563 6.802 0.648 4.626 1.223 9.543
3.8 0.612 7.050 0.710 4.813 1.312 9.921
4 0.641 7.258 0.766 4.988 1.416 10.225
4.2 0.684 7.466 0.831 5.106 1.501 10.479
4.4 0.723 7.641 0.886 5.129 1.571 10.720
4.6 0.737 7.727 0.933 5.276 1.602 10.838
4.8 0.729 7.810 1.004 5.361 1.577 10.890
5 0.517 7.834 0.525 5.375 1.497 10.924
∑

8.43 110.544 10.054 74.317 18.795 153.902

Table 6.8: Number of data points used for the mixed/flow structure functions [106]

technique we used for the single-point statistics in section 6.3 is inconvenient here.

This would imply that we compute the convergence for every average of the structure

functions, thus for every data point of the curve. To capture the extent of convergence,

however, we compute each structure function twice. Each of them contains half of the

entire data. The difference between each point pair of the structure functions is used

to estimate the error. Several features can be observed in fig. 6.19b. In general, the

errors increase with the Reynolds number. This is not a Reynolds number effect but

due to the total number of data points for the three measurements. The measurements

have a decreasing number of statistics with increasing Reynolds number (see tab. 6.8).

Therefore, the averages with a lower number of statistics are less converged and show a

bigger error. Furthermore, the errors become smaller with increasing separation from

the ball. Again, this is due to statistics. In tab. 6.8 we observe that the number of
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Figure 6.20: normalized longitudinal 2nd-order Eulerian velocity structure function D̂mix
LL

of the balls’ center and the flow around. D̂mix
LL is a function of the relative separation distance

r/Rp (where Rp is the ball’s radius) and θ being the angle between the separation vector r and
the velocity vector of the ball vp. The orientation of vp is depicted by the grey arrow. The
grey circle in the middle of the map symbolizes the ball. Assuming axis-symmetry around
the velocity axis of the ball, the lower half is a reproduction of the upper half mirrored on
the center line. The black dashed lines depict the separations r = 2Rp, 3Rp, 4Rp, 5Rp.

data points used to compute the averages of the structure function is increasing with

separation from the ball. These averages are made over all points found in a spherical

shell with a certain separation to the ball. With increasing separation, the volume of

these shells increases as well. Increasing volume is equivalent to an increasing number

of points found in the shells. Therefore, the averages with a higher number of data

points are stronger converged and show a smaller error.

So far the longitudinal structure function DLL was only a function of r/Rp. We now

make a transfer to two dimensions by introducing spherical coordinates r/Rp, θ and

φ. Furthermore we assume that the flow around the ball is axis-symmetric to the axis

of velocity. Thereby the spherical coordinates are reduced to two dimensions r/Rp

and θ = ](r,vp). D
mix
LL (r, θ) is computed on a two-dimensional map with r/Rp ∈ [0; 5]

and θ ∈ [0; π]. Afterwards the structure function is normalized by the K41 prediction
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with D̂mix
LL (r, θ) = Dmix

LL (r, θ)/(C2 (ε r)2/3) again. The result is shown in fig. 6.20 with

Rλ = 302. The plots of the other Reynolds numbers show similar characteristics.

In the first shell around the ball (between r/Rp = 1 and r/Rp = 2) a region of strong

correlation between the balls’ longitudinal velocity and the longitudinal flow velocity

can be observed. It resembles a boundary layer around the ball. With increasing sep-

aration from the center, the correlation becomes less. This region corresponds to the

range r/Rp ∈ [1; 2] that we discussed in fig. 6.19a. Separating further from the ball,

the flow gets more and more uncorrelated in all directions. In front of the ball the

normalized structure function reaches the value 1, while beside and behind the ball

the flow shows a small fraction of correlation at a value around 0.8. Behind the ball a

region can be observed that has a value of around 0.7 up to a separation of r/Rp = 4.

This region can be an indication of a wake behind the ball. Due to low statistics, a

better resolution is not achievable here.

We continue with a brief consideration of the mixed 2nd-order normal structure func-

tion D̂mix
NN of the balls’ center and the flow around on which we come back later in

section 6.6. Analog to eq. (6.16) it is derived with

Dmix
NN (r) = 〈([vp(0, t)− u(r, t)] · n̂)2〉. (6.16)

where n̂ is the unit vector normal to the separation vector r̂. According to eq. (2.34)

it is normalized as D̂mix
NN (r) =Dmix

NN (r)/(4/3C2 (ε r)2/3) and it has the same statistics as

Dmix
LL (r) in tab. 6.8. A direct comparison of the D̂mix

NN (r) and D̂mix
LL (r) is given in fig. 6.21.

We observe that D̂mix
NN (r) is larger than D̂mix

LL (r) at r = 1Rp. We discuss that effect

later in section 6.6. Here, we focus on the region of influence by the ball. Compared

to the longitudinal structure function, D̂mix
NN (r) increases faster to a value around 0.9

at r = 1.5Rp. From there, it increases slowly to 1. This points out, the influence of

the balls is different on the longitudinal velocity difference than on the normal on. The

coupling of the normal velocities between the balls and the flow around act on a shorter

range than the longitudinal coupling. We come back on this effect later.

6.4.2 Comparison to simplified models

We now want to verify wether our results of the 2nd-order structure functions coincide

with simplified theoretical models. Therefore we compare the mixed structure functions

D̂mix
LL and D̂mix

NN to the theoretical predictions for a simple Stokes flow around a rigid

sphere. In a Stokes flow, also called creeping flow, the inertial forces are small compared
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Figure 6.21: Comparison of the normalized longitudinal and normal 2nd-order velocity
structure function D̂mix

LL and D̂mix
NN of the balls’ center and the flow around. Both are a

function of the relative separation distance r/Rp where Rp is the balls’ radius.

to the viscous forces. Hence, the Reynolds number is small, Re� 1. This flow is

described by the stream function

Ψ = −1

2
V infr2 sin2 θ

[
1− 3

2

(
Rp

r

)
+

1

2

(
Rp

r

)3
]

(6.17)

where r and θ are the two polar coordinates used to describe the flow. r is the separation

distance to the center of the sphere and θ is the angle spanned by the mean-flow

direction and the separation vector in clockwise direction. The sphere has the radius

Rp and the far-field uniform-flow velocity is V inf . The flow velocity components in r

and θ-direction are

vr =
1

r2 sin θ
· ∂Ψ

∂θ
and vθ = − 1

r sin θ
· ∂Ψ

∂r
. (6.18)

The velocities computed with eq. (6.18) describe already the velocity difference between

the particle and the flow in radial (r) and normal (θ) direction, vr and vθ respectively.

To compare these velocity differences to the previous mixed structure-functions, we

normalize them with the radial and normal fraction of the far-field velocity, V inf
r and

V inf
θ . Analytical formulas for the two quantities

(
vr,θ/V

inf
r,θ

)2
can be derived. It yields:



6.4 2-point statistics of balls and flow 125

r/Rp

r
/
R

p

 

 

5 0 5
5

0

5

0

0.2

0.4

0.6

0.8

(a) Radial velocity ratio (vr/V
inf
r )2

r/Rp

r
/
R

p

 

 

5 0 5
5

0

5

0

0.2

0.4

0.6

0.8

(b) Normal velocity ratio (vθ/V
inf
θ )2
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component (b) for a Stokes flow passing a spherical particle.

(
vr

V inf
r

)2

=

[
1− 3

2

(
Rp

r

)
+

1

2

(
Rp

r

)3
]2

(
vθ

V inf
θ

)2

=

[
1− 3

4

(
Rp

r

)
− 1

4

(
Rp

r

)3
]2 (6.19)

According to fig. 6.20, these analytical predictions are presented in fig. 6.22 as two-

dimensional (r, θ) plots with the same color axis. At the surface of the particle both

ratios are equal to zero. The longitudinal component vanishes because the fluid can not

enter or exit the particle. The radial component vanishes due to the no-slip boundary

condition. We observe that both components tend to 1 for increasing separations as

apart from the ball they take on the undisturbed far-field velocity. Furthermore, we

observe a circular symmetry (spherical symmetry in 3D) around the particle for both

plots. This results from the fact that eq. (6.19) is independent of θ. Compared to

the two-dimensional map of the real longitudinal structure function in fig. 6.20, an

indication of a wake is not observable. The model can not account for such an effect,

due to the assumption Re� 1 that leads to the symmetry of the flow.

However, most dominant is that the normal component increase faster as the radial

one, like for the mixed structure function measured. Hence, even for the simplified

case of the Stokes flow, the influence of the particle is stronger on the longitudinal

velocity difference than on the normal component. This results from eq. (6.19) as well.

To see that, we carry out a Taylor expansion at the surface of the sphere. We define



126 CHAPTER 6. RESULTS

1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

1.2

separation r/Rp

D̂
L

L
&

D̂
N

N

 

 
DLL R =374
DLL R =302
DLL R =286
DNN R =374
DNN R =302
DNN R =286

Stokes prediction DLL
Stokes prediction DNN
Potential flow DLL

Figure 6.23: Mixed longitudinal 2nd-order velocity structure function measured and the
analytical predictions (eq. (6.19)) for a spherical particle in a Stokes flow. Furthermore the
potential flow prediction from eq. (6.22) is plotted.

r = Rp + α with α� 1. The first order Taylor expansion yields:

(
vr

V inf
r

)2

≈ 9

4
α4

(
vθ

V inf
θ

)2

≈ 9

4
α2

(6.20)

As result, the normal velocity difference increase linearly while the radial fraction

increase quadratically for α� 1. Since linear growth is faster than quadratical growth

in this range, the normal velocity difference increases faster as the radial one.

For a direct comparison, we plot eq. (6.19) for the Stokes flow in addition to the real

structure functions (see fig. 6.23). Starting from the surface of the ball (r/Rp = 1), we

observe a smaller increase of the Stokes flow than for the structure functions measured.

While the structure functions measured are equal to 1 at r/Rp = 4, the curves for

the Stokes flow are at 0.5 and 0.7 respectively. This implies that the Stokes flow is

correlated to the particle on a much longer range (see Naso and Prosperetti (2010)) as

it is the case for the balls in the turbulent flow. For both cases, the normal function is

increasing faster as the radial function. For the Stokes flow case, this results from the

Taylor expansion of the analytical formulas (eq. (6.19)) in the vicinity of the particle’s

surface.

Additionally, we plot the curve of another theoretical model. The potential flow around
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a spherical particle results from the Euler equation (eq. (2.9)). This implies that

viscosity is neglected in that case. Furthermore an irrotational flow is assumed. Hence,

the velocity field can be deduced from a potential. The two-dimensional potential in

polar coordinates r and θ is:

φ = V inf cos θ

(
r +

R3
p

2r2

)
(6.21)

The corresponding velocity field is u = ∇φ. This yields for the longitudinal velocity

ratio: (
vr

V inf
r

)2

=

[
1−

(
Rp

r

)3
]2

(6.22)

This function coincides very well with the longitudinal structure function measured

(see fig. 6.23). It starts at 0 because the fluid can not enter or exit the particle. Hence,

the velocity acts tangential to the particle’s surface. With increasing separation the

ratio grows and tends to 1. The range of influence by the particle is much shorter than

in the Stokes flow case. This is a result of the inviscid flow. The most contributive force

in the potential flow around a spherical particle is the added mass term (see eq. (2.46)).

While moving through the fluid, the particle has to push away the fluid in front of it.

Hence, the particle behaves as if it carries added mass. Since our longitudinal results

agrees well with the potential flow prediction, we assume that the added mass term is

the most important force acting on the dynamics of the balls studied.

The normal velocity ratio of the potential flow is not presented here, because the

potential flow model does not predict the behavior of the normal structure function

measured. The reason is that the ball rotates, as we will see in the following. The

potential flow cannot capture this rotation and its influence on the surrounding flow,

because it is rotation free.

We found a link between the normal structure function and the rotation of the fluid

around the ball. This link allows us to study the influence of the balls’ rotation on the

dynamics of the surrounding flow. We focus on that in the following section.

Main results

We summarize, what we learn from the two-point investigations. We notice that the

PDF of the component-wise velocity difference between the balls and surrounding flow

deviates from a gaussian distribution for decreasing separation to the ball. Close to the

ball, the PDF is thinner and with a stronger zero peak (good agreement with Naso and
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Prosperetti (2010)). This is due to the no-slip boundary condition on the ball’s surface

and indicates the influence of the ball on the flow. We are able to measure this more

quantitatively by considering the longitudinal and normal velocity structure functions.

The longitudinal structure function shows a strong correlation within a range of one

balls’ radius around the ball. Up to a separation of r = 3Rp the normalized function is

lower than the structure function of the one-phase flow. The normal structure function

deviates from this behavior observed. It shows strong influence by the ball within a

range of half a balls’ radius. Beyond that it relaxes to the value of the one-phase flow

reaching it at almost the same separation as the longitudinal function. This shows

that the balls have an effect on the surrounding flow (strongest within one radius of

the ball), but influence the longitudinal and normal velocity differences in a different

manner (see also Naso and Prosperetti). The simplified potential flow model is able to

reproduce the behavior of the longitudinal structure function. As results, the added

mass term that is the most contributive force in this model, seems to be the most

important force acting on the dynamics of the balls.

6.5 Rotation statistics

6.5.1 Rotation of the balls

We are able to measure the rotation of the balls and the surrounding flow via the Kab-

sch algorithm (see Kabsch (1976, 1978)). First, we consider the rotation of the balls.

To use the Kabsch algorithm the translation of the centroid, in our case equivalent

to the center of the balls, has to be removed from the motion of the surface points

(fluorescent particles embedded in the balls). Hence, the center has to be well defined.

Furthermore, if a center can be calculated, at least 4 surface points exit. This number

is sufficient to use the Kabsch algorithm. As consequence, the number of rotation data

for the balls is equivalent to the number of single-point data for the center trajectory

(see tab. 6.9).

Rλ 374 302 286

data points 285 478 823

Table 6.9: Number of rotation data points for the balls [103]

The first quantity that we look at, is the distribution of the rotations calculated. A

PDF of the ball’s componentwise rotation rate is presented in fig. 6.24a for all three
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Figure 6.24: (a) PDF of the componentwise rotation rate of the balls for the three different
Rλ values. The distributions are rescaled by their RMS values and normalized to one. The
components are ωx (+) , ωy (o) and ωz (triangle). A stretched exponential curve is plotted
that fits well to the data and allows comparisons with our data. The PDFs collapse nicely
on top of each other within a range ωi/ω

rms
i ∈ [−4; 4]. (b) PDF of the rotation rate norm of

the balls. The PDFs are shifted to higher values for increasing Reynoldsnumber.
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Rλ 374 302 286

〈ωi〉 100 (65%) 100 (79%) 200 (75%)

〈ω2
i 〉 100 (65%) 100 (79%) 200 (75%)

Table 6.10: Estimators of the lower limits of the balls’ rotation convergence plateau [103]
for 〈ωi〉 and 〈ω2

i 〉. i denotes the x, y, z component and | · |; in brackets: ratio of data points
within the plateau range and the total number of data points

Reynolds numbers. It is rescaled by its RMS. In the range ωi/ω
rms
i ∈ [−4; 4] the PDFs

collapse nicely on top of each other. All distributions are peaked at zero. Thus, we

assume the component-wise averages to be close to zero as well (we see this later).

Furthermore, we observe a non-gaussian behavior. The distributions coincide with a

stretched exponential function with P (x) = exp(3s2/2)

4
√
3

[
1− erf

(
ln(|x/

√
3|)+2s2√
2s

)]
with a

best fit parameter s= 0.55. This function was proposed by Voth et al. (2002) for the

translational acceleration PDF. Zimmermann et al. (2011) used the same function with

s= 0.45 to fit the PDF of ωi which is in good agreement to our results.

In fig. 6.24b a PDF of the rotation rate norm is presented. With decreasing Reynolds

number the distributions get narrower and the value of the most probable rotation rate

increases. This is the behavior expected. The balls rotate less fast at lower Rλ.

To achieve better estimates for mean rotation and fluctuation than the first and second

moments of the PDFs, we conduct a convergence study as explained in section 6.3 for

the velocity and acceleration. We calculate the mean rotations 〈ωi〉N and 〈ω2
i 〉N ac-

cording to eq. (6.11). As an example, the results for 〈|ω|〉N and 〈|ω|2〉N are displayed in

fig. 6.25 . With increasing N the mean values become more stable and reach a plateau

range. This range is estimated (see tab. 6.10). With all values in the plateau range an

overall mean value with error and a fluctuation value can be estimated. The error of

the fluctuation can be calculated via the error evolution law.

We summarize mean and fluctuation rotation values of the ball in tab. 6.11 for all three

Reynolds numbers. As we already observed in fig. 6.24a, the componentwise mean ro-

tation rates are close to zero. A general trend can be observed. The componentwise

rotation RMS decrease with decreasing Reynolds number. This is also true for the

mean rotation norm 〈|ω|〉 and the rotation fluctuation ω′ ≡ 1
3

∑3
i=1RMS(ωi). This

implies, the balls rotate less fast at smaller Rλ.

To check wether this trend capture the Reynolds number dependence of the rotation

rate norm, its PDF is rescaled by ω′ (see fig. 6.26). As seen for the components, the

PDFs collapse in the range |ω|/ω′ ∈ [0; 4]. The coincidence of the rescaled PDFs is an
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Figure 6.25: Convergence of the mean rotations 〈|ω|〉 and 〈|ω|2〉 of the balls. With increasing
number of data points used, the mean values become more stable and reach a plateau range.
We estimate the beginning of the plateau, described by the dashed black lines. The overall
mean value are estimate by using the values in the plateau range. Its error is given by the
width (minimum-maximum) of the plateau range.
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Figure 6.27: ω′ as a function of the eddy turn-over time t
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0 is set up with ε and the
characteristic length scale of the inertial range that is the radius of the ball Rp in this case.
A linear relation between the two quantities can be observed.
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quantity [rad/s] Rλ = 374 Rλ = 302 Rλ = 286

〈ωx〉 0.456± 0.432 -0.673± 0.325 0.433± 0.382

RMS(ωx) 9.589± 0.624 7.554± 0.218 6.901± 0.204

〈ωy〉 -1.348± 0.301 -0.915± 0.212 -0.851± 0.138

RMS(ωy) 9.958± 0.419 6.873± 0.269 6.019± 0.101

〈ωz〉 -0.145± 0.393 0.318± 0.231 0.331± 0.272

RMS(ωz) 8.143± 0.322 6.709± 0.329 6.060± 0.360

〈|ω|〉 14.004± 0.330 10.366± 0.261 9.268± 0.302

ω′ 9.230± 3.261 7.045± 2.077 6.326± 1.832

Table 6.11: Statistical quantities of the balls’ rotation. ω′ ≡ 1/3
∑3

i=1RMS(ωi) is the
rotation fluctuation.

indication that ω′ follows an universal law in this range of turbulence.

Zimmermann et al. (2011) propose that the rotation fluctuation is of the same or-

der as the rotation of the driving propeller. In our case the propeller rotates with

ωprop ≈ 5.5 rad/s, 3.7 rad/s and 3.1 rad/s, respectively. Comparing to ω′ in tab. 6.11,

our values agree with this proposal. Furthermore, Zimmermann et al. propose that ω′

corresponds to the rotation that results from imposing a velocity difference of the order

of the fluctuation velocity u′ across the balls diameter Dp. This leads to rotations of

around u′/Dp ≈ 10 rad/s (Rλ = 374), 7 rad/s (Rλ = 302) and 5.7 rad/s (Rλ = 286).

This values fits well to our results which therefore support the proposal of Zimmermann

et al..

Additionally, we suggest a dependance of ω′ on a characteristic parameter of this scale

of turbulence. Since the dimension of ω′ is [rad/s], it has to be a function of a char-

acteristic time scale. Due to the finite-size of the ball, we are in the inertial range of

turbulence. Within that range, the eddy turnover time t0 is the only characteristic

time scale that can be set up. Furthermore, ε and the characteristic length scale (in

this case the radius of the ball Rp) are the only usable parameters in the inertial range

(see section 2.2.2 - Kolmogorov’s second similarity hypothesis). By dimension analysis,

this leads to t
Rp

0 = (R2
p/ε)

1/3. We plot ω′ against 1/t
Rp

0 and achieve a linear behavior

with ω′ ∝ 1/t
Rp

0 = (ε/R2
p)

1/3 (see fig. 6.27). This relation points out that the rotation

fluctuation increases with ε which is equivalent to an increase with Reynolds number.

On the other hand, the rotation fluctuation decrease with increasing particle size Rp.

This is an indication that the inertia of the particles has an damping effect on its
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Figure 6.28: Sorting the tracers (grey dots) in the surrounding of the big ball in spherical
bins (colored onion shells) with the width dR (in this sketch dR = Rp). We compute the
optimal rotation matrix for each shell with the points found in it. The color of the shells
match with color of the curves in fig. 6.29.

rotation fluctuations.

6.5.2 Rotation of the fluid

We turn to the rotation of the fluid around the ball. Like for the balls, we compute

its rotation with the help of Kabsch’s algorithm (Kabsch, 1976, 1978) as well. Using

all points, found in the surrounding of the ball, to compute one rotation value would

lead to bad results due to the large range of separations to the ball (separations be-

tween 0 and 4 radii are possible). To account for possible changes of the fluid rotation

with separation r to the surface of the ball, we sort the tracers by their instantaneous

position. We create spherical shells with varying radii around the ball (see fig. 6.28)

and sort the tracers into these shells. They can be imagined as onion shells around the

ball.

Carrying out this computation, we have to consider the right shell width. Too narrow

shells lead to insufficient point numbers (≤ 2/shell). According to the varying number

of points found in the surrounding of the ball (between 25 and 150 points found at one

instant around the ball), a width of dR = 0.5Rp turned out to be a good choice. We

conduct the rotation computation explained in section 5.7 for each shell that contains

points of 3 or more tracers existing both at t1 and t2 . Hence, if these requirements are



6.5 Rotation statistics 135

shell number

Rλ 1 2 3 4 5 6 7 8

374 6 59 122 169 199 219 230 239

302 9 42 104 181 253 319 361 348

286 17 106 220 359 490 597 680 736

Table 6.12: Number of rotation data points per shell around the ball [103]

fulfilled, we get one optimal rotation matrix per time step (t2− t1) and shell. To get a

maximum in statistics, (t2− t1) is set to 2 points in time (this is around 0.005 τη). This

value is the same as for the balls’ rotation calculation. Since we study the flow up to 4

radii away from the balls’ surface, we have 8 spherical shells. We number these shells

with increasing separation to the ball. Hence, shell 1 is close to the ball and shell 8

has the largest distance to it.

We summarize the number of rotation data points per shell in tab. 6.12. The number

of data points increases with separation to the ball. This results from the fact that the

volume of shells increases with separation to the ball. More data points are found in a

shell with a bigger volume. The difference between the three Reynolds numbers is due

to the total number of data points discussed earlier (see tab. 6.4).

The componentwise rotation PDFs of the fluid are presented in fig. 6.29 where the

colors of the curves match with the colors of the shells in fig. 6.28. The PDFs are

rescaled by their RMS values. With increasing separation from the ball, the curves

turn from blueish to redish colors. We observe a good coincidence of the curves for all

three measurements. However the PDFs with Rλ = 302 show stronger fluctuations for

shells close to the ball. This is due to the number of data points. We see that this

measurement has the lowest number of data in shell 2 and 3 (see tab. 6.12). Com-

pared to the stretched exponential function that fits best to the balls’ rotation PDF,

the surrounding fluid shows higher probabilities close to zero rotation. Furthermore

the probability is reduced in a range of ωi/ω
rms
i ∈ [−4;−0.5] and ωi/ω

rms
i ∈ [0.5; 4].

Looking precisely, this reduction of probability compared to the stretched exponential

function gets slightly larger with decreasing Reynolds number. Outside, the tails are

widened and touches the dashed curve again for all three Reynolds numbers.

As for the rotation of the ball, we carried out a convergence study of the fluid rotation

to gain better estimates for mean rotation and its fluctuation. For each shell the mean

rotation 〈|ω|〉N and 〈|ω|2〉N are calculated as function of data points used according
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Figure 6.29: PDF of the fluid’s rotation components rescaled by their RMS for the different
onion shells around the ball. The color of the curves match with the color of the onion shells in
fig. 6.28. The components are ωx (+) , ωy (o) and ωz (triangle). With increasing distance from
the ball’s surface the curves turn from blue to red. For clearance, the lower two measurements
are shifted downwards. In addition, the stretched exponential function of the balls’ rotation
PDF is plotted in dashed black.

to eq. (6.11). N denotes the number of data points used. We only conduct the con-

vergence for the rotation norm, because we focus on that in the following discussion.

Again, the estimation of the plateau range yields the mean rotations 〈|ω|〉, 〈|ω|2〉 and

their errors (see tab. 6.13).

The PDF of the rotation norm is displayed in fig. 6.30. The colors of the curves are

the same as in fig. 6.29. Additionally the PDF of the balls’ rotation norm is plotted

in bold black. The rotation values of the fluid in the different shells is summarized in

tab. 6.13. Several features can be observed in the figure and the table. As noticeable for

the balls’ rotation, the most probable rotation norm of the shells move to higher values

for increasing Rλ. This suggests itself because we assume higher rotation for higher

Reynolds number. More dominant is instead a continuous transition of the PDFs for

a fixed Rλ. From the closest shell to the ball (blue =̂ # 1) to the shell with the largest

separation (red =̂ # 8), the PDFs are shifted to lower rotations. The shell being closest
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to the ball has the maximum (most probable value) with the largest rotation rate.

With increasing distance to the ball the maxima of the PDFs move to smaller values.

It results that the shell with the largest distance to the ball (red) shows the smallest

rotation rate. The mean rotations in tab. 6.13 show this evolution as well.

This behavior is expected since the motion of the fluid in the remote shells is uncorre-

lated and not influenced by the presence of the ball. Tracers in these shells do not have

a common rotation. Therefore, the rotation found for these shells is small compared to

shells close to the ball. With decreasing separation, the influence of the ball is assumed

to become stronger until the fluid close to the surface rotate the same way as the ball.

Hence, the rotation of the fluid increases with decreasing separation. This behavior

shell # quantity [rad/s] Rλ = 374 Rλ = 302 Rλ = 286

1
〈|ω|〉 29.965± 0.678 24.806± 1.781 21.472± 1.109

ω′ 30.808± 9.137 39.064± 20.406 24.280± 12.800

2
〈|ω|〉 23.805± 0.298 22.124± 0.705 17.941± 0.248

ω′ 25.649± 4.259 27.470± 9.504 24.684± 8.892

3
〈|ω|〉 19.438± 0.496 17.219± 0.456 14.553± 0.366

ω′ 20.359± 6.021 20.318± 5.676 19.839± 3.526

4
〈|ω|〉 16.326± 0.441 14.782± 0.178 12.261± 0.298

ω′ 15.634± 4.274 14.823± 4.125 15.295± 2.708

5
〈|ω|〉 14.259± 0.351 12.848± 0.195 10.661± 0.370

ω′ 13.211± 4.025 13.210± 3.163 13.443± 1.994

6
〈|ω|〉 12.572± 0.368 11.226± 0.267 9.354± 0.304

ω′ 11.598± 3.829 11.398± 3.028 11.192± 1.977

7
〈|ω|〉 11.499± 0.234 10.087± 0.220 8.555± 0.275

ω′ 10.858± 3.110 10.117± 2.819 10.200± 2.236

8
〈|ω|〉 10.906± 0.269 9.277± 0.238 7.902± 0.246

ω′ 10.160± 3.329 8.574± 2.753 9.647± 1.935

Table 6.13: Rotation values for the fluid around the ball per shell. The number of the shell
increases with the distance from the ball. Hence, shell 1 is the closest one to the ball and
shell 8 has the largest distance to the ball. The reason that ω′ is larger than 〈|ω|〉 for some
shells are the small statistics that we gained (see tab. 6.12). Even more, the statistics are
decreased by choice of the convergence plateau of 〈|ω|〉N and 〈|ω|2〉N . Nevertheless, within
its error, ω′ is always smaller than 〈|ω|〉.
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Figure 6.30: PDF of the fluid’s rotation vector norm for the different onion shells around
the ball. The color of the curves match with the color of the onion shells in fig. 6.28. With
increasing distance from the ball’s surface the curves turn from blue to red colors. For
clearance, the lower two measurements are shifted downwards. In addition, the PDF of the
ball’s rotation vector norm is plotted as bold black curve.

is also valid for the rotation fluctuations ω′ calculated as those in tab. 6.11. They

are small remote from the ball due to high statistics (see tab. 6.12) and the thinner

PDFs. With smaller separation to the ball, the fluctuations become larger due to the

decreasing number of data points and due to the wider PDF.

Taking the PDF of the balls’ rotation into focus, we observe that it is not equivalent to

the PDF of the closest shell as assumed before. Instead it coincides almost to a PDF

with a medium separation. This behavior is not undertandable at this point of consid-

erations. However, we found a link between the rotation of the fluid around the ball

and the 2nd-order normal velocity structure function Dmix
NN . This link gives us a scaling

prediction for the PDFs in fig. 6.30. The rescaled PDFs underline the expectation that

the rotation of ball-near fluid is coupled to the rotation of the ball. With increasing

separation from the ball, the influence of the ball vanishes and the calculated rotation

of the fluid is dominated by the large scale motion of the flow. We now introduce the

link between Dmix
NN and the rotation of the fluid.
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Main results

We show that the component-wise rotation PDF of the balls follow a stretched exponen-

tial fit with best-fit parameter s= 0.55 which is in good agreement with Zimmermann

et al. (2011). The fluctuation rotation ω′ has the same order as the rotation of the

driving propeller and the rotation that would result by applying a velocity of the order

of u′ on the radius of the balls, as Zimmermann et al. propose.

The rotation norm PDF collapse after rescaling with ω′ and a linear relation between

ω′ and the only possible time scale in the inertial range, the eddy turn-over time t0 is

found. This relation predicts that ω′ increases with Rλ and decreases with increasing

particle size due to damping of the higher particle’s inertia.

The PDF of the fluid’s rotation per shell collapse by rescaling with their RMS val-

ues. In the range, that we resolve, the tails are less pronounced as for the balls’ PDF.

Rotation norm and rotation fluctuation ω′ are decreasing with increasing separation.

This agrees with our assumption that remote shells show a rotation governed by tur-

bulent noise and the shells close to the balls rotate in the same manner as the balls

themselves. We found a link between the fluid’s rotation and the second order normal

velocity structure function that allows us to show this rotation coupling even more

pronounced.

6.6 Link between ω and DNN

As mentioned in section 2.2.4, the normal structure function is the velocity difference

of two points projected on the unit vector normal to the separation. Via eq. (2.34)

one gets a normalization of D̂NN = DNN/(4/3 · C2(ε r)
2/3). The differences between

Dmix
LL and Dmix

NN were already introduced in section 6.4. We remind of there behavior

in fig. 6.31.

Dmix
LL and Dmix

NN show the same behavior for all three Reynolds numbers. For decreasing

separation, one observes that Dmix
NN is longer close to 1 than Dmix

LL . At r/Rp = 1.5, Dmix
NN

starts to decrease rapidly to a value of around 0.3 at r = 1Rp. That value is higher than

the one of Dmix
LL at the same separation. This behavior show us that half a radius away

from the surface the normal velocity of the flow is almost uncorrelated to the normal

velocity of the ball. Hence, the region of interaction of the motion normal to the

separation is within the first shell around the ball. This observation is different to the

behavior of the longitudinal velocities. As already discussed and observed in fig. 6.31,

the longitudinal velocities are correlated on a much longer range (up to r/Rp = 3, but
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Figure 6.31: mixed 2nd order longitudinal and normal velocity structure function Dmix
LL

and Dmix
NN as a function of relative separation r/Rp.

strongly up to r/Rp = 2). Furthermore, the reason for the non-zero value of Dmix
NN at

r/Rp is that fluid particles very close to the surface move equivalent to surface points

of the balls, assuming no slip between the ball and flow around. This motion has no

longitudinal part, because fluid particles cannot enter or exit the ball. Therefore Dmix
LL

tends to zero. The value of 0.18 at r/Rp = 1 is result of the statistics of tracers close

to the surface that limits our spatial resolution. With a better resolved surrounding of

the ball, we assume Dmix
LL goes to zero. However, Dmix

NN is non-zero at r/Rp due to the

rotation of the ball.

To investigate this observation, we set up a link between Dmix
NN and the rotation of the

fluid around the ball. To do so, we regard fig. 6.32. The velocity vector of a fluid

particles, respectively tracer, in the flow vtr(r) is decomposed in a longitudinal and

a normal part. The normal part v
‖
tr can be linked to the smeared angle θ per time t

assuming a rotation around the ball. The velocity difference between the tracer and

the ball normal their separation is:

δv⊥ = [vtr(r)− vc(0)] · n̂ (6.23)
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where vc(0) is the velocity vector of the ball and n̂ is the unit vector normal to the

separation. We see in fig. 6.31 that for Dmix
NN ≡ 〈(δv⊥)2〉 applies is in the inertial range:

〈(δv⊥)2〉 ≡ Dmix
NN (r) =

4

3
C2(ε r)

2/3 (6.24)

Assuming θ to be small, we express ω through geometrical means by δv⊥.

ω =
d θ

dt
=
δv⊥ dt

r dt
=

(
4

3
C2(ε r)

2/3

)1/2

· r−1

=

(
4

3
C2ε

2/3

)1/2

· r−2/3

⇒ ω · r2/3 = const (6.25)

Equation (6.25) predicts that ω rescaled by the distance to the center of the ball is

constant in the range where eq. (6.24) is valid. We use that prediction to rescale the

rotation PDFs of fig. 6.30. The result is presented in fig. 6.33. As we see, the PDFs

of all shells collapse nicely on top of each other, except the PDF of the closest shell.

This distribution tends slightly to the PDF of the balls’ rotation that is closer to zero

and with a higher peak. This behavior observed is universal for all three Reynolds

numbers. It shows that the rotation of the collapsed shells are governed by turbulent

noise and are uncorrelated to the rotation of the ball. However, the closest shell shows

rotation slightly correlated to the one of the ball. Indeed, this is the shell where the

rapid decrease of Dmix
NN in fig. 6.31 occurs and Dmix

NN 6= 4/3C2(ε r)
2/3. The decrease of

Dmix
NN within the first shell is consequence of the correlated rotations of ball and fluid.

We assume that a rotation PDF with better spatial resolution (onion shells with smaller

width) would result in a continuous transition of fluid PDFs to the distribution of the

ball analog to the decrease of Dmix
NN within the first onion shell (1 < r/Rp < 1.5) in

fig. 6.31.

Main results

In this section, we explain our idea how to link the rotation of the fluid ω to the mixed

2nd-order normal velocity structure Dmix
NN . Both quantities were discussed individually

in detail in the previous section. With the results of Dmix
NN in the inertial range (see

section 6.4) we achieve a scaling prediction for ω. Rescaling of the fluid’s and ball’s

rotation norm PDF results in collapsing PDFs of shell 2 to shell 7. The rotation of these
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Figure 6.33: PDF of the fluid’s rotation norm rescaled by r2/3 where r denotes the sepa-
ration to the center of the ball. This implies, the distribution of each shell is rescaled by its
separation to the center. In addition, the PDF of the ball’s rotation norm is plotted as black
curve. It is rescaled by its radius as well.
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shells is decoupled from the balls’ rotation and governed by turbulent noise. However,

the distribution of shell 1 (the closest one to the ball) shows a slight transition to the

PDF of the ball. It indicates that the rotation of shell 1 is correlated to the rotation of

the ball. Since the fluid’s rotation causes a velocity normal to the separation of balls

and fluid elements, this is the reason for strong decrease of Dmix
NN within the first shell

(1< r/Rp < 1.5) in fig. 6.32.
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Chapter 7

Conclusion and Outlook

The horizontal von-Kármán flow was driven with three different Reynolds number

(Rλ = 286, 302 and 374) and the dynamics of the neutrally buoyant, finite-size par-

ticles were measured together with instantaneous flow around them by Lagrangian

particle tracking. This was possible thanks to the innovative experimental technique

introduced in this work of using only one species of fluorescent particles to record the

motion of both finite-size particles and fluid at the same time.

First, we determined characteristic parameter of the three different Reynolds number

flows. On that, we based the analysis of the particles’ and flow’s dynamics followed af-

terwards. Although our measurement technique is optimized for correlative two-point

dynamics between the particles and the flow, we were able to reproduce fundamental

single-point statistics that coincide with previous work in a von-Kármán flow by Voth

et al. (2002) and Mordant et al. (2004a).

Focusing on the correlation between particles and flow, we observed a region of in-

teraction between these two. Compared to the undisturbed one-phase flow, the ball

effect the flow in its surrounding up to separations of three radii apart from the center.

However, the interaction of the longitudinal velocities is different to that of the normal

components. While the longitudinal velocities are correlated up to three radii apart

from the center, this true for the normal components up to two radii apart from it.

These findings agree with numerical results of Naso and Prosperetti (2010).

The interaction of particles and flow around are observable as well in the rotation dy-

namics measured. By linking the fluid’s motion normal to the separation of the particle

to the rotation of it, we made the region of interaction visible in the rotation PDF.

Like the normal velocities, the rotations of fluid and particle are coupled within two

radii apart from the center.



146 CHAPTER 7. CONCLUSION AND OUTLOOK

Our results are a first, outstanding step in understanding the instantaneous coupling

of finite-size particles and the surrounding flow. Further research has to be done on

that field and the experimental technique introduced in this work can be improved to

obtain deeper insights. With more experimental data, it might be possible to develop

a theoretical model for the dynamics of finite-size particles capturing the effect of cou-

pling and particles’ inertia.

As a first improvement, various particle sizes and Reynolds numbers could be covered

experimentally. Furthermore, the injection technique of the fluorescent particles into

the finite-size particles can be optimized. Probably it is possible, to attach fluorescent

particles directly to the surface of the super absorbent polymers in the polymerization

step during fabrication. Hence, more accurate statistics could be obtained, because

the fluorescent particles are located exactly on the surface. To increase the spatial

resolution of the surrounding flow, a second optical setup is conceivable that captures

only the motion of tracer particles in the flow while the original setup records the

trajectories of the finite-size particles. Fluorescent particles emitting with a different

wavelength than the originals could be recorded by e.g. Lagrangian particle tracking

or Tomographic particle image velocimetry.

We observe rarely particles that collide with each other in the measurement volume.

This might be also an interesting topic for future experiments, as well as the evolution

of the turbulent flow by increasing the density of finite-size particles. Thus, a transition

to granular matter is conceivable.
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Appendix A

Calculating Av and Bv for the convolution filter

Using derivative kv ⊗ τ = 1 yields

1 =
T∑

−T

kv(τ) · τ =
T∑

−T

(
Avτ exp

(
− τ

2

ω2

)
+Bv

)
· τ

=Av

T∑

−T

τ 2 exp

(
− τ

2

ω2

)

⇔ Av =
1∑T

−T τ
2 exp

(
− τ2

ω2

) (A.1)

and kv ⊗ 1 = 0 leads to

0 =
T∑

−T

kv(τ) =
T∑

−T

(
Avτ exp

(
− τ

2

ω2

)
+Bv

)

= (2T + 1)Bv + Av

T∑

−T

τ exp

(
− τ

2

ω2

)

= (2T + 1)Bv + 0

⇔ Bv = 0 (A.2)

Calculating Aa and Ba

First of all Aa(Ba) is derived from ka ⊗ 1 = 0.

0 =
T∑

−T

ka(τ) =
T∑

−T

(
Aa

(
2τ 2

ω2
− 1

)
exp

(
− τ

2

ω2

)
+Ba

)

⇔ Aa =
−(2T + 1)Ba∑T

−T
[
exp

(
− τ2

ω2

) (
2τ2

ω2 − 1
)] (A.3)

This is used to derive Ba from ka ⊗ τ 2=2.
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2 =
T∑

−T

ka(τ) · τ 2 =
T∑

−T

[
Aa

(
2τ 2

ω2
− 1

)
exp

(
− τ

2

ω2

)
+Ba

]
· τ 2

=Aa

T∑

−T

[
τ 2
(

2τ 2

ω2
− 1

)
exp

(
− τ

2

ω2

)]
+Ba

T∑

−T

τ 2

Inserting eq. (A.3) yields:

=Ba



−(2T + 1)

∑T
−T

(
τ 2
(

2τ2

ω2 − 1
)

exp
(
− τ2

ω2

))

∑T
−T
((

2τ2

ω2 − 1
)

exp
(
− τ2

ω2

)) +
T∑

−T

τ 2




⇔ Ba = 2



−(2T + 1)

∑T
−T

(
τ 2
(

2τ2

ω2 − 1
)

exp
(
− τ2

ω2

))

∑T
−T
((

2τ2

ω2 − 1
)

exp
(
− τ2

ω2

)) +
T∑

−T

τ 2



−1

(A.4)
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Appendix B

Estimation of the reconnection parameter

As explained in section 5.3, we conduct a reconnection process within the groups of

trajectories that belong to one ball. The aim of the reconnection is to allow a more

efficient cleaning of the groups in section 5.4 which then results in increased and im-

proved statistics of the balls’ motion. To find the best reconnection parameters L, R

and T , we investigate the effect of them on the mean temporal length of the center

trajectories calculated via section 5.6 after the cleaning process conducted. We assume

a good center to be equally apart form the points that form the ball. Therefore, we

also study the fluctuation of the separations between the centers calculated and these

points as a function of L, R and T . In fig. B.1a, we calculated a map of the mean

center length as a function of L and R for various values of T . In fig. B.1b, the same

is conducted for the fluctuation of the separations which we calculate as

〈σ(D)〉 =
1

N

N∑

j=1

σ(xcenterj − xpi ) (B.1)

where N is the overall number of existing centers, j is the number of the instant center,

xcenterj is its instant position, xpi is the position of point i where i denotes the index of

instant points forming the ball.

First, we focus on fig. B.1a. As mentioned in fig. B.1a, we conduct the reconnection

twice to fill straight and curved holes in the trajectories. Therefore, we choose a thin,

long search cylinder and a shorter and wider cylinder. We observe that to gain long

centers with R ≈ 0.5 mm, T can be increased up to 0.6 and L to 50mm. Therefore an

initial guess of the first cylinder is R = 0.5 mm, L = 50 mm and 0.6. The initial guess

for the shorter, wider cylinder is R = 2 mm, L = 30 mm and T = 0.2.

In fig. B.1b, we notice that our initial guesses are quite reasonable. The parameter of

the first cylinder result in a minimum (blue region) of 〈σ(D)〉. The second cylinder

results in 〈σ(D)〉 ≈ 0.43 mm. This is 0.03 mm higher than the minimum, but still

acceptable.

Again, we point out that the reconnection is just a pre-process of the cleaning process

in section 5.4. The interpolated segments are only used for finding direct ”friends” of

trajectories in this process, but they are not used to calculate dynamics of the ball,

neither for the translation of the center in section 5.6, nor in the rotation calculation

in section 5.7. Therefore the bias of reconnection on the results is small.
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Figure B.1: Effect of R, L and T on the mean temporal length of the center calculated after
the reconnection and on the fluctuation of separations between the center and the instant
points that form the ball.
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