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Chapter 1

Abstract

We used microfluidic tools to expose Dictyostelium discoideum (Dd), a model organism
for eukaryotic chemotaxis, to linear gradients of the chemoattractant, cyclic adenosine
3’,5’ monophosphate (cAMP). Above a threshold concentration of !c = 10!3 nM/µm,
AX-3 wild type cells switch from random motion, to motion directed towards the gra-
dient. The velocity component in gradient direction (chemotactic velocity) increases
with concentration, until a plateau is reached, ranging from 10!2 nM/µm " !c " 1nM/
µm, where the chemotactic speed is almost constant. For gradients above !c = 30
nM/µm, the motion was random again. Results are in good agreement with previous
work and confirm that chemotaxis of Dd mainly depends on the absolute gradient of
cAMP [81]. Data binning gave indication that for constant, shallow gradients within the
chemotactic regime, a higher average midpoint concentration increases motility and en-
hances chemotaxis. In stronger gradients, a higher midpoint concentration inhibits the
directionality of the cells. Analysis of single cell trajectories showed a positive correla-
tion between a cells motility, the degree of polarization and its persistence in motion.
We present a generalized Langevin equation to quantify the directional migration dur-
ing chemotaxis, separating the dynamics of a cell’s movement into a deterministic and
stochastic part. The resulting equation shows nonlinear damping and multiplicative
noise together with a constant force term in gradient direction, whose magnitude varies
with the gradient steepness. The results on wild type chemotaxis served as a reference
to study the altered motility of the SCAR/PIR cell line. This mutant is lacking regulators
of the Arp2/3 complex, a key player in the formation of a dense actin network, which is
supposed to be the essential driving force of a cells leading edge during ameboid crawl-
ing. Surprisingly, while the random motility in the absence of a gradient is reduced by
a factor of 50 %, mutant cells were able to correctly sense the gradient and responded
at almost the same speed to the chemotactic stimulus given by the same range of
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Chapter 2

Introduction

How a cell senses, reacts and responds to a chemical signal is essential to many bi-
ological processes, including wound healing, embryogenesis, the functionality of the
immune system and cancer metastasis [43]. To understand ‘chemotaxis’- the guided
movement of cells in chemical gradients- major research efforts have been made over
the past thirty years [1,67,90].

In the seminal work of Berg et al. [5], swimming Escheria coli (E. coli) bacteria were
shown to alternate between periods of erratic tumbling and ballistic displacement to-
wards a randomly chosen direction during their movement. In the presence of a chemo-
tactic gradient, the motion is biased by extending the period of ballistic displacement if
the surrounding concentration increases over time as the cell incidentally moves to-
wards the gradient. E. coli bacteria therefore chemotax by using a temporal sensing
mechanism. However recent experiments gave indication that in certain situations,
where it might be more favorable [27], some bacteria also use spatial gradient sensing
for directed migration [85].

A prominent model organism used in the study of eukaryotic chemotaxis is the soil
amoebae Dictyostelium discoideum (Dd) [51], [14]. Folate chemotaxis leads vegetative
cells to find their bacterial prey [97]. Chemotaxis also a serves as a survival mecha-
nism allowing starved cells to aggregate into multicellular organisms to form slugs and
spores by using cyclic adenosine monophosphate (cAMP) to signal each other [49].
When describing the aggregation process during starvation, the cell population can be
treated as an excitable medium. The signal of random cells, spontaneously emitting the
chemoattractant is relayed and one can observe spiral and target patterns [35,50,86].

Compared to temporally sensing bacteria with a diameter around 0.5 µm, Dd is rela-
tively large in size ( # 10 µm). When being exposed to a gradient, the diffusion time
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2 Chapter 2. Introduction

scale for any intracellular signaling protein is much larger then for a smaller prokary-
otic cell, where an extracellular concentration difference is averaged out quickly by a
short diffusion time scale. Therefore, as most eukaryotic cells, Dd can spatially sense
direction by comparing differences in the number of its bound receptors across the cell
membrane [56, 59]. The external stimulus is amplified by intracellular signaling net-
works, which are linked to the actin-polymerization machinery that drives the migration
response of the cell.

Although many details of the downstream signaling cascade, triggered by the receptor
signal from the cell membrane, remain unknown, there is strong evidence that important
parts in Dd are also crucial for the directed migration of other eukaryotic cells [24].

Commonly, eukaryotic chemotaxis is subdivided into three major steps: (1) receptor
binding, (2) polarization and directional sensing, and (3) migration. For physicists each
of these processes is of major interest on its own and can be treated, within certain
limits, by a reductionist approach:

(1) Stochastic simulations of ligand binding and unbinding demonstrate the physical
limits of spatial gradient sensing due to the signal to noise ratio on the cell membrane,
and predictions were made for the optimal concentration regime for chemotaxis [74,75,
87,88].

(2) Concerning the intracellular events that proceed directed migration, most of the
recent work concentrates on the directional sensing mechanism. Starting with Turing-
models to account for the switch-like symmetry breaking of the cell [61], models where
a gradient is detected by balancing between a localized activator and a fast diffusing
inhibitor (LEGI) have been proposed and qualitatively reproduced the observed reaction
of the cell [57, 59, 76]. Recently two bistable models have been presented by Mori et
al. and Beta et al. [6, 64], where the basic mechanism of local excitation and global
inhibition is coupled to secondary chemical reactions, that represent the behavior of a
reporter. The transition from the inactive state to an active state, where intracellular
protein translocations lead the cell to express a distinct front and back (polarization), is
triggered by random perturbations.

(3) Phenomenological models for the migration response propose to divide cell motion
into a deterministic and stochastic contribution. The movement of an ensemble of self-
propelled particles is described by a generalized Langevin equation similar to the one
for Brownian motion of inertial particles. Cells are treated as persistent random walkers
[33, 89]. Although much is known about the theory of biased random walks, these
models have been compared with experimental data only for the random case, in the
absence of a directional stimulus [79, 83]. It will be a part of this work to pioneer into
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this gap and extend these models for directional stimuli.

An overall description of the chemotactic process would need to link all steps, the signal
processing on the membrane, the initial symmetry breaking during directional sensing,
and the successive down-stream responses in the cytoskeleton propulsing the cell dur-
ing directed migration.

In the present work, we use microfludic tools to expose chemotactic respectively aggre-
gation competent Dd to various well-defined chemical stimuli and quantify the chemo-
tactic migration. In other words we will be looking at the final migration response (3). By
analyzing migration patterns and motility statistics during chemotaxis we hope that we
can learn something about the preceding intracellular events in step (2) from which they
emerge. We also want to find quantitative results about the accuracy of chemotaxis and
the parameters on which it depends.

After an introduction to various types of cell movement (Section 3.1), we describe the
developmental cycle and the basic properties of our model organism (Section 3.2) to-
gether with the successive steps involved in Dd chemotaxis and their biological back-
ground (Section 3.3). The background chapter closes with an overview of the phe-
nomenological description of cell motility as persistent random motion (Section 3.4).

In chapter 4, Methods, we explain how we acquired and analyzed our data. We describe
the experimental setup for time-lapse microscopy of cell migration (Section 4.3), the
fabrication of the microfluidic gradient mixer (Section 4.2.1) by using soft-lithography
(Section 4.2.2) and discuss the flow properties inside the channel (Section 4.2.3). Next,
the different steps of data processing are presented (Section 4.4). The recorded DIC-
images of cell migration require a special line integration method described in Section
4.4.3 to restore proper information about the cell boundaries. The information of the
cell centroids positions is then used by a tracking algorithm that links these locations
retrieved for all binarized images together into single cell trajectories in time (Section
4.5).

The results of this work are presented in chapter 5: First we present the motility statis-
tics of the AX3-strain, a wildtype cell line of Dd, as an ensemble and time average,
characterizing the chemotactic response as a function of varying gradient steepness
(Section 5.1.3). To evaluate how the gradient magnitude and the average midpoint con-
centration, experienced by the cell, influence the accuracy of chemotaxis, we binned
our ensemble data (Section 5.2). In Section 5.3, we show that these data on directed
migration can be described by a generalized Langevin-equation with a gradient de-
pendent force and compare with results from computer simulations (Section 5.3.5 and
Section 5.3.6). In addition to ensemble statistics, we then discuss the variation that oc-
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curs within a given population by looking at the trajectories of single cells (Section 5.4).
Finally, the results on wild type chemotaxis are compared with the motility data for a mu-
tant cell line (SCAR/PIR knockout), lacking a key regulator of the actin-polymerization
machinery (Section 5.5).

A résumé of this work, summarizing the main results together with an outlook on future
projects, is provided in chapter 6.



Chapter 3

Background

3.1 Cell Migration

Random cell movement and directed cell migration are important processes in develop-
ment and maintenance of many living organisms. They can be observed in uni-cellular
organisms such as amoebae, as well as in bacteria, neutrophils and multicellular or-
ganisms.

Whereas the main functions comprise mating and food search, on a more complex
level cell migration mediates the organization of tissues, the formation of embryonic and
later organic patterns as well as homeostasis [92]. The elaborate wiring of the human
nervous system during fetal development is determined by the migration of nerve cells
that send axonal projections to connect all parts of the peripheral body [46,70].

While random and directed movement enables cells to reach wounds and infection
sites, any defect in the regulation of cell migration can lead to serious diseases like
the metastasis of previously sessile tumor cells, which spread through the lymphatic
system and invade neighboring areas [80].

In the following, we will use the term motility as proposed by Daniel et al. [19] to de-
scribe the active, self-generated movement of the cells. This is to distinguish it from
mobility, a passive type of motion, which is driven by external mechanisms, e.g. by the
temperature dependent random collisions bouncing around a particle that undergoes
Brownian motion.

The major challenge of this interdisciplinary research is to understand how the chemical
reactions between different proteins on the molecular level, that generate small biolog-
ical forces inside the cell, are synchronized to act together on the cells architecture to
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6 Chapter 3. Background

produce macroscopic movements.

In this work however, we do not look at the internal components but rather on the
macroscopic picture of cell migration, or more specifically the cell trajectories in time.

By looking on the quantitative motility data (speed, velocity-correlation, propagation
and turning angle, cell shape), knowing that these general statistics emerge from the
intracellular events and single cell properties, we hope to deduce something that helps
us to understand the global mechanisms involved in cell migration.

One might then find out about the mechanical role of some proteins or even predict the
collective movement from measurable intracellular quantities.

Types of cell movement

Different types of cell movement have been identified with varying degrees of precision
in the molecular and mechanistic description. At the basic level, we can distinguish
between cells that are swimming, through a viscous medium,e.g., water, and those
who are crawling, by attaching and detaching to a rigid surface [19].

The physical framework for swimming cells has been summarized in Purcel’s seminal
work ‘Life at low reynolds number’ [73]. At the microscopic scale of swimming cells,
inertial forces are unimportant and the motion of cells is determined by the work they
do against viscous drag.

Fig. 3.1: Transmission Electron Micrograph picture of an Escherichia coli bacterium:
during motion by swimming, bundles of corkskrew flagella rotate counter-clockwise
and drive the cell forward. Due to conservation of torque, the head of the cell rotates
clockwise. [28]
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Many bacteria therefore use the nonreciprocal motion of a helical or corkskrew-shaped
flagellum, which consists of a long filament formed by the polymerization of hundreds
of identical protein subunits, called flagellin [21] (figure 3.1). The speed of this flagelar
swimmers ranges from 10 to 100 µm/s. Some, like the well studied model bacteria E.
coli, use multiple flagela, which are, depending of their state of motion, either uniformly
distributed around their surface during random tumbling movement or bundled together
during a period of persistent displacement [4,5].

A number of eukaryotic cells, like human sperm, also use flagellas during swimming.
However the flagela here propels the cell using a ‘different strategy’ i.e. by propagating
a waveform down a flexible oar.

Another way of swimming is the strategy of the unicellular eukaryote Euglena called
metaboly. While advancing through the fluid the cell gradually changes the contour of
its surface and therefore locally reduces or increases the drag that propagates from the
front of the cell to the back. This is enough to pull the cell’s center of mass forward
through the viscous environment (figure 3.2)

The best characterized movement of cells across rigid surfaces, called crawling, is the
amoeboid motility (figure 3.3), which is among others used by free living amoebae and
neutrophils.

At the beginning of a typical movement cycle, a cell, which is attached to the substrate
at focal adhesion points (FAP), extends a projection at its leading edge. The membrane
detaches at the front and moves forward in a process termed protrusion. Depending
on the shape, this protrusion is either called filopod (long and thin), lamellipod (flat,
veil-shaped) or pseudopod (thick and knobby). This new ‘arm’ of the cell attaches by
forming new FAP, intracellular components rearrange and the cytoplasm flows into the
new part of the cell. In the last step, the tail detaches from the surface and contracts.

(a) (b)

Fig. 3.2: Euglena movement through water: for propulsion on a surface, the organism
shifts cellular components and changes its morphology to generate a local increase in
drag, a process called metaboly. [29]
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Fig. 3.3: Steps of cyclic amoeboid crawling: being rigidly attached to the surface (1)
the polarized cell extends at the leading edge by projecting a pseudopod (2+3) After
anchoring to the substrate, cytoplasma is flown into the new projection and the major
part of the cell body glides forward (4). In the last step, the cell retracts its trailing edge.
The centroid of the cell has moved forward 1/3-1/2 the cells diameter [62].

It is generally assumed that the cytoskeleton is generating the main driving force for
this type of cell locomotion, where an important contribution comes from the formation
of fast growing actin filaments that form a dense network at the leading edge of the cell
membrane. However, the exact mechanism remains unclear and for the case of our
model organism, Dd, we will discuss other hypotheses e.g. involving the role of hydro-
static pressure in the early stage of the membrane detachment (Section 3.3.2). Fur-
thermore, the role of the endocytic cycle in continuously moving forward the molecules
that anchor to the substrate (integrins), is not well understood [15, 32]. The frequency
of this ameboid movement cycle of periodic protrusion and retraction determines the
crawling speed and ranges from less then one micrometer per hour to more then 10
micrometers per minute.

Another common crawling mechanisms is gliding, where unlike in ameboid movement,
the cells shape remains relatively constant. Fish keratocytes extrude a sticky slime
backwards to generate a propulsion force that drives the cell forward (figure 3.4).

So called twitching motility is a special form of gliding where cells throw out long arms,
similar to bacterial flagela, by which they connect themselves to the surface of nearby
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Fig. 3.4: Gliding of a fish keratocyte on a glass surface: the cell moves to the upper left
corner by extruding slime backwards (white arrow), therefore generating the necessary
driving force from the propulsion [48].

cells. By retracting these ‘pili’ they pull themselves towards their neighbors. Cell move-
ment relying on twitching motility has been observed only in bacteria and mainly serves
the fast aggregation and grouping into bigger colonies of bacterial clumps.

3.2 Dictyostelium discoideum

Our model organism D. discoideum is a soil amoebae that lives on forest grounds and
belongs to the group of cellular slime molds. These eukaryotic cells, being relatively
large in size (# 10 µm), have become a powerful system for basic biomedical research
in cell and developmental biology. Many phases of health and disease depend on
fundamental processes in individual cells, such as cytokinesis, motility, phagocytosis,
chemotaxis and signal transduction, which are all very well displayed in D. discoideum,
while they are absent or less accessible in other model organisms. The full genome
has been encoded and several mutants are available to allow detailed investigations on
the role of specific molecules in the function of these processes, including the use of
GFP-fusion proteins.

In their natural environment D. discoideum lives on bacteria in decaying organic matter
as separate, independent cells. In the laboratory, cells can be grown easily in an axenic
medium with a doubling time of approximately 5 hours, and prove to be very robust to
external influences (temperature, pH-Value).
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Fig. 3.5: Vegetative D. discoideum cells

When deprived of their food source, a survival mechanism is initiated and vegetative
Dictyostelium discoideum cells undergo a characteristic development cycle and aggre-
gate to form multicellular structures [49]. Approximately two hours after starvation, the
cells start to express membrane receptors for an organic molecule called cyclic adeno-
sine monophosphate (cAMP).

As their development continues, the starving cells form a distinct front and back and
morph into a more elongated shape, a process called polarization. After 4 hours, cells
in the population emit pulses of cAMP, which are spread by diffusion. When diffusing
cAMP hits neighboring cells, whose chemotactic receptors are now fully expressed,
an emission of cAMP is stimulated at the back [53] followed by a refractory period of
6 minutes. The intercellular signal is relayed. At the same time the cells temporally
move towards the higher concentration, while they resign their motion in the refractory
state. A constant build up of cAMP is limited by the phosphodiesterase, which uniformly
degrades the cAMP in the system [20]. Spiral waves of cAMP travel through the medium
and form the centers of aggregation (figure 3.6). Up to 100,000 cells move together by
chemotaxis, forming streams directed towards the areas of higher concentration [11].

After 10 hours, the cells have coalesced, sticking together by glycoprotein adhesion
molecules, which are activated together with the chemotactic receptors [82]. A motile
slug of 2-4 mm in length is formed and can move towards areas of higher humidity, light
intensity and temperature (photo- and thermotaxis). In a more favorable environment,
movement ceases and the slug becomes differentiated into prestalk and prespore cells.
The front of the slug spreads out as it settles, while the end raises in the air, generating
the so called ‘mexican hat’ (figure 3.7). The cell aggregate then enters the culmination
stage, during which prestalk and prespore cells rearrange, with the spore cells moving
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(a)

(b)

Fig. 3.6: Spiral waves during Dd aggregation: two hours after entering the development
cycle, cells become chemotactic and randomly start to emit and relay the signal of
the chemoattractant cAMP. The signal is spread by diffusion, the cells move towards
areas of higher concentration and form aggregation centers. (a) left: bright field (BF)
picture of a cell colony after 8 hours of starvation; right: two subsequent images are
subtracted from each other two underline infinitesimal changes. As chemotactic cells
crunch together when hit by a pulse of cAMP, their index of refraction changes. The
spreading wave of chemoattractant becomes indirectly visible (b) BF and differential
image like above: the cells have formed streams and crawl towards the aggregation
center (# 100.000 cells in size). They have reached stage 1 in figure 3.7. Images
taken by D. Loh and A. Bae.

up and the prestalk cells moving down of a cellulose tube. Around 20 hours after the
beginning of starvation, the cycle is completed. A mature fruiting body has formed,
carrying the spores in its head, while the stem is formed by stalk cells. If food supply is
restored, the spores can germinate and the cells reenter their vegetative state.

The signaling mechanism together with the chemotactic response to cAMP during ag-
gregation will be in the focus of this work. It appears to have arisen at a very early
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Fig. 3.7: Dd development cycle (clockwise): by 10 hours after starvation, former veg-
etative Dd has used chemotaxis to assemble into loose aggregates, consisting up 106

cells (1). The amoebae then act together as a motile slug (2), which uses attractants
like light, heat and humidity to move towards more favorable conditions. In a suitable
environment, cells differentiate into prestalk and prespore cells and the anterior of the
slug raises, generating a tipped mound and the ‘mexican hat’ (3). The aggregate cul-
minates (4). Approximately 20 hours after starvation, the mature fruiting body (5) is
formed. The spores from the head can be released and the cells return to their vegeta-
tive state. Copyright, M.J. Grimson and R.L. Blanton.

stage in primitive precursor cells and there is evidence that it remained fundamentally
unchanged throughout evolution.

3.3 Chemotaxis

Dictyostelium discoideum chemotaxis during aggregation can be divided into three dif-
ferent components: (1) receptor binding (2) polarizing and directional sensing (3) and
migration response. In the following, we will present a short overview on the basic
functions, which are involved in these components, explain the current research and
present open questions. While the events of the first component, the ligand binding of
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the chemoattractant, are limited to the cell membrane, the second component involves
rather complex intracellular reactions, which have to localize and enhance the external
chemotactic stimulus. After the cell has sensed its direction, the pathway must be linked
to the actin-machinery to generate forces in the cytoskeleton. The cell starts to move
towards the gradient.

3.3.1 Receptor Binding

Extracellular cAMP molecules C bind and unbind to the cAR1, a G-protein coupled
receptor on the cell membrane R, which starts to be expressed from the first hour after
entering the development cycle (figure 3.7) [38].

R + c
kon$!"$
koff

R" (3.1)

Experiments using TIRF microcopy and single fluorescent cAMP molecules have proven
that the binding sites are uniformly distributed around the cell membrane [87]. Further-
more, bound receptors diffuse laterally in the membrane plane. This process is stochas-
tic and any signal, for example a concentration difference due to a gradient across the
cell undergoes fluctuations. Analysis of migration data, which has been confirmed by
this thesis (Section 5.1.3), showed that spatially sensing cells can undergo directed
motion while the absolute difference in the number of occupied receptors between front
and back is less then 20 molecules [81]. Therefore, the accuracy of chemotaxis must be
influenced by any small fluctuations in the signal, which is caused by the stochastic pro-
cesses on the cell membrane. This effect depends on the overall ligand concentration
on which a defined gradient is applied [88].

Assuming migration response is directly proportional to magnitude and direction of the
signal on the membrane and treating the cell as a two-dimensionally circle covered with
uniformly distributed receptors, stochastic simulations predict an optimal concentration
range for the signal to noise ratio and for the efficiency of chemotaxis [74,75]. In Section
5.2 we will verify these theoretical results and evaluate the migration data for cells,
exposed to a constant gradient but varying background concentrations, close to and far
away from the dissociation constant of reaction (3.1).
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3.3.2 Polarization and Directional Sensing

After being exposed to a directional signal, the signal from the membrane is converted
and amplified by several intracellular downstream events and protein translocations that
break the symmetry of the cell. This process of polarization and directional sensing,
takes 20-30s and leads the cell to an expression of a distinct leading edge, pointing
towards the gradient and an opposing back end.

The chemotactic Signaling Pathway

The spatial gradient in the occupied receptors over the cell surface has to be con-
verted to trigger the local and directional response of pseudopod formation. The cAR1
receptor is linked to the G protein G#2$% and uniformly distributed around the cell mem-
brane [54]. If a cAMP molecule binds to it, the # and $%-subunits dissociate. Mediated
by the Ras-protein the local G$% stimulation is transduced via the activation of phospho-
inositide 3-kinase (PI3K) at the front of the cell [36]. PI3K converts phosphatidylinosi-
tol (4,5) biphosphate (PIP2) into phosphatidylinositol (3,4,5)-triphosphate (PIP3) while
PTEN (the 3’-phosphatase) promotes the backreaction at the sides and gradient averse
end of the cell (figure 3.8) [3]. A gradient or local excess of PIP3, which is restricted to
the front of the cell is generated and retained (figure 3.8).

Observations show that PIP3 provides a binding site for proteins containing a pleck-
strin homology (PH) domain (CRAC, PhdA and Akt/PKB). All eventually translocate
proportionally to the PIP3 accumulation and act as nucleation factors and regulators of
chemotaxis and cell polarity [3,71]. The dissociated G$%-subunit also activates guany-
lyl cyclase (GC), which produces cGMP. Acting together with PAKa, high levels of cGMP
lead to an increased myosin II phosphorylation and assembly at the back of the cell.

Recently, work however indicate that PIP3 gradients must act redundantly with at least
one other pathway, which is supposed to branch of after activation of the heterotrimetric
G protein [41,84]. PIP3 accumulation at the front, favoring the allocation of PH-domain
proteins and cGMP mediated myosin II phosphorylation at the back, leads to a sym-
metry breaking in protein locations. The question remains how the sensing pathway is
linked to the cytoskeleton and the actin-myosin network, generating the actual force for
migration.
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(a) (b)

(c)

Fig. 3.8: Signaling pathway for chemotaxis: (a) at the front of the cell, cAMP molecules
bind to the cAR1 receptors on the cell membrane and lead to the dissociation of the
G protein into its subunits # and $%. Mediated by the Ras-protein, phosphoinositide 3-
kinase (PI3K) is activated and produces PIP3, which offers a binding site for PH domain
proteins. (b) at the back of the cell, the presence of PTEN exceeds the local concen-
tration of PI3K. The backward reaction to PIP2 is favored. (c) PH domain proteins that
translocate to the front promote actin polymerization (orange network of filaments) and
forward protrusion. PTEN inhibits pseudopod formation at the sides [96] and interacts
with myosin II contraction at the back. Adapted from [3].

Modeling Directional Sensing

Although a complete picture of the precise role of the mentioned individual players
within the intracellular signaling network is missing, it is generally assumed that the
asymmetric distributions of these proteins, translocating to the front and back of the
cell, within a few seconds after gradient exposure, controls the downstream events that
lead to actin driven membrane protrusion and cell locomotion. Mathematical models
for directional sensing have to account for a highly nonlinear amplification of a relatively
weak membrane signal, a switch like behavior of the cell, rapidly changing from random
to directed migration as soon as the stimulus exceeds a certain threshold and for an
observed adaption in response to a uniform stimulus [67,71].
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An early directional sensing model is the ‘first hit’ model, where a second messenger,
generated by local activation at the membrane site, which is facing the stimulus, diffuses
through the interior of the cell and suppresses the activation at the cells rear end [76].
In the most common approach, a gradient is detected by reaction kinetics balancing
between a fast diffusing local excitator at the front and a slow diffusing inhibitor [56],
[59]. These models are summarized as local excitation/global inhibition models (LEGI).
However, both concepts suffer from difficulties in reproducing the experimental data.
While the former is unable to adapt to a situation where the direction of the gradient
is reversed (fast reorientation of moving cells has been shown in experiments with a
moving pipette), the response in the latter scales linearly with the steepness of the
applied gradient. This is again in contradiction with experimental results [81], that have
been confirmed in this thesis (Section 5.1.3), proofing that the observed chemotactic
response is robust within an interval of gradients that can range over three orders of
magnitude.

Recently, two models with bistable dynamics have been developed, by combining a
LEGI-model with an autocatalytic step. Here the activated and quiescent state of the
cell is independent of the external signal as long as a critical value is exceeded [64], [6].
In [6] the transition to the active state, leading to identical symmetry breaking for arbi-
trary inputs, is triggered by random perturbations. This most recent model reproduces
the adaption of the cell to a uniform stimulus and in combination with the bistable com-
ponent also shows the desired threshold behavior in the gradient response.

Force Generation in the Cytoskeleton

The signal from the chemotactic gradient should lead to major cytoskeletal rearrange-
ments and the extensions of pseudopods, which pull the cell forward (Section 3.1). In
the standard picture, this extension is driven by the polymerization of filamentous actin
(F-Actin), that push out the membrane at the cells leading edge [3,47,90]. In a thread-
milling process, fast-growing filaments continuously extend at the membrane and then
flow back and disassemble in the inner parts of the cell, releasing actin monomers for
the next cycle [69]. Proteins localizing at the front, have to enhance the production or
accumulation of the Actin-related protein Arp 2/3, which nucleates the generation of
newly formed barbed ends to existing filaments (figure 3.9(a)a) [63,90].

This is controlled by adaptor proteins of the WASP (Wikott-Aldrich syndrome protein)
and SCAR complexes. Experiments indicate that an activation of the Wave/SCAR pro-
tein increases the production of actin-filled pseudopods [10,60]. The Wave/SCAR com-
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plexes, which are enriched at the front of the cell during chemotaxis, locally bind Rac
proteins, which are by themselves mediated by other members of the Rho-family small
G proteins, having a PH-domain binding site [44,95]. It is suggested that Rac stimulates
PI3K recruitment to the membrane, which produces additional PIP3. This in turn locally
activates a Rac GEF (guanine-exchange factor), therefore creating a positive feedback
loop that reinforces the actin polymerization at the leading edge [68]. However this
protein has not yet been identified.

At the back of the cell (figure 3.9(b)), cyclic guanosine monophosphate (cGMP) controls
the retraction of the trailing edge and is produced by guanylyl cyclase (GC), a reaction
which is catalyzed in chemotaxing cells by the dissociation of the G#2$%-subunits on
the membrane. High concentrations of cGMP give rise to an increase in the myosin
II phosphorylation and assembly. The accumulation of myosin II at the back is also
mediated by p21-activated kinase (PAKa), being a downstream effector of the anteriorly
localized PKB, which has a PH-domain binding site [52].

This underscores the complex nature of the signaling pathway. To migrate directionally,
cytoskeletal forces that promote F-actin polymerization at the front, and contraction by
myosin II at the back must be synchronized so that events at the front of the cells are
integrated with the reactions at the back of the cell.

Several observations in experiments with Dictyostelium, however, gave rise to alterna-
tives to the classic picture of a leading edge driven by a dendritic actin network for force
generation [47]:

Waves of actin polymerization traveling on the plasma membrane have been recorded,
forming pseudopods without any chemotactic stimulation [34, 93]. Furthermore round
extensions on the plasma membrane, called ‘blebs’, frequently form on the leading edge
of a cell. Blebs expand by an influx of cytosol as soon as the actin-cortex detaches from
the plasma-membrane [55]. This influx is driven by hydrostatic pressure from inside the
cell [12]. Cells that are forced to move on a more challenging surface than a plain glass
coverslip showed increased blebbing, suggesting that hydrostatic pressure might be an
alternative driving force in Dd .

In Section 5.5 of this thesis, we will compare the migration of wildtype cells to a mutant
cell line lacking proteins of the SCAR/WAVE complex. If coordinated actin-polymerization,
which is supposed to rely on these key regulators, is the main driving force during
chemotaxis, one would expect severe defects in the motility and chemotactic accuracy
of these mutants.
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(a) (b)

Fig. 3.9: Force generation in the cytoskeleton during chemotaxis: (a) at the front, which
is facing the gradient, Rho-family proteins with a binding site to the PH-domain lead
to redistributions via Rac that promote F-actin polymerization, which pushes out the
cell membrane and forms a new pseudod. The Arp 2/3 complex enhances the gener-
ation of newly formed barbed ends to existing filaments and is mediated by WASP and
SCAR/WAVE. (b) at the back, high cGMP levels increase myosin II phosphorylation and
assembly and act together with PAKa to contract the cells trailing edge [3].

3.3.3 Migration Response

After receptor binding and downstream signaling events, D. discoideum migrates to-
wards the chemical stimulus. Even on this level, that gives no direct insight into the
intracellular machinery, much is revealed already by qualitative time observations of the
amoebae’s movement in the gradient of chemoattractant. Depending on the strength of
the gradient and the degree of prepolarization, cells show different turning behavior in
response to a stimulus in the opposing direction [47,98].

In steep gradients, unpolarized cells directly project new pseudopods in direction of the
source and change their direction of motion almost instantaneously within a minute.

On the other hand, elongated cells with high polarization that crawl with a distinct lead-
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ing edge change their propagation angle step by step to match the new gradient direc-
tion, while at the same time maintaining their original front end. They seem to turn like
a car with a steering mechanism that gradually changes the rigid cytoskeleton.

In weaker gradients, a phenomenon called tip splitting can be observed [2]. In the pres-
ence of the weak stimulus a new protruded pseudopod is divided into smaller ones that
prefer the gradient direction. Steering upstream is then achieved by favoring the growth
of the daughter-pseudopod which experiences a higher concentration and dominates
the retarding ‘twin’ which is finally retracted. This behavior indicates that Dd amoebae
chemotaxing in shallow gradients might also use a time averaging of a temporal signal
for directional sensing [94].

In conclusion, in the absence of any cues, the cell movement is isotropic with vary-
ing degrees of polarization and random projection of pseudopods, the behavior in the
presence of an applied gradient of cAMP is the result of competing processes [47]:

• the continued, spontaneous and random pseudopod projection, whose frequency
depends on the background concentration

• the gradient bias on the positioning of new pseudopod formation

• the gradient bias on the lifetime of pseudopods

• the effect of polarization that leads to an increased stability at the leading edge
and its amplification by increasing gradient concentrations

With slow chemotaxis in shallow gradients, random pseudopod formation dominates,
while in steeper gradients the creation of new pseudopods is controlled by the gradient.
Polarized cells tend to keep an existing pseudopod or leading edge even in adverse
gradients [23].

In Section 5.3 we will derive a phenomenological model from our recorded cell trajec-
tories dividing the motion during chemotaxis into a stochastic and deterministic compo-
nent. We will also analyze how these contributions, including the polarization of a given
population of cells (Section 5.4.2), vary with different concentration gradients.

3.4 Cell Motility as Persistent Random Motion

The evolution for the mathematical description of self-propelled random motion in bi-
ology has been closely linked to the progress in the theory of Brownian motion [78].
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After Einstein had published the theory of Brownian motion that explained the irregular
movement of small particles in a liquid by the random, thermal driven fluctuations, Przi-
bram in 1913 was the first to analyze the intrinsic motility of protozoa [72] and compare
it with Einstein’s prediction for the square displacement

%d(t)2& = 2nDt (3.2)

with n denoting the dimension in which the motion takes place.

According to Einstein’s theory D is the diffusion coefficient and satisfies

D =
kbT

%0
(3.3)

where kb is the Boltzmann’s constant, T the temperature and

%0 = 6&'r (3.4)

is the drag coefficient according to Stokes, depending on the dynamic viscosity ' and
the particle radius r.

Przibram found a much larger value for D then expected and a much higher sensitivity
to temperature changes.2 The European Physical Journal Special Topics

Fig. 1. Example of Przibram’s motility data, a trajectory of a protozoon, hand-drawn with a mechanical
tracking device operated in real time with a microscope. A metronome was used to mark time on the
trajectory every four seconds [5].

demonstrated that the net displacement x(t)! x(0) averages to zero, while its square satisfies
the relationship known for Brownian motion,

"d(t)2# = 2ndimDt, (1)

where ndim is the dimension of the space in which the motion takes place.
In Einstein’s theory D is the di!usion coe"cient, and satisfies his famous relation D =

kBT/!0, where kB is Boltzmann’s constant, T the absolute temperature, and !0 = 6"#a is
Stokes drag coe"cient for a rigid sphere with radius a moving with constant velocity through
a fluid at rest and having dynamic viscosity #. Przibram found a value for D which was much
larger and much more sensitive to changes in temperature than Einstein’s relation states. He
used this as proof that it was not just Brownian motion that he had observed.
If Przibram, a biologist, had used a better time resolution by marking out points in Fig. 1

more frequently than every four seconds, he might have gotten ahead of the physicists in
theoretical developments. But he was drawing by hand, marking time to a metronome, so
marking points closer to 1Hz must have been a challenge.
Fürth, a physicist at the German university in Prague where Einstein had been a professor

for 16 months in 1911–12, also studied the motility of protozoa. First he repeated Przibram’s
results, apparently without knowing about them [6]. Later he found that his data were not
described by Eq. (1) [7]. He consequently considered a random walker on a lattice, and gave
the walker directional persistence in the form of a bias towards stepping in the direction of
the step taken previously. By taking the continuum limit, he, independently of Ornstein [8,9],
demonstrated that for random motion with persistence, Eq. (1) is replaced by

"d(t)2# = 2ndimD(t! P (1! e!t/P )), (2)

where P is called the persistence time, and characterizes the time for which a given velocity is
“remembered” by the system [7].
Ornstein solved the Langevin equation [10],

m ˙̇x(t) = !!0ẋ(t) + Fthermal(t), (3)

Fig. 3.10: Hand-drawn trajectory of a moving protozoon taken from Przibram’s motility
data. A point is marked every four seconds [72].
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His cell tracks as shown in figure 3.10 were recorded manually with a time resolution
of !t = 4s. As Fürth (1917) redid the experiment with a better time resolution he could
show that the data of randomly moving protozoa could best be described by

%d(t)2& = 2nD(t$ P (1$ e!t/P )). (3.5)

To derive this equation he considered the continuum limit of a random walker on a
lattice with a bias towards the direction in the previous step [33]. This is expressed by
the constant P , denoting the persistence time, a measurement for how long a given
velocity is ’remembered’ by the system. He also pointed at the biological, intrinsic
driving force of the cells. Therefore D, of course, is no longer determined by equation
3.3 for passive Brownian motion but a fitting constant of unknown origin.

Simultaneously, Ornstein solved the Langevin equation considering the role of inertia in
Brownian motion [89]. In his stochastic differential equation

mr̈(t) = $%0ṙ(t) + F R(t), (3.6)

the first term corresponds to the Stokes friction, while the second, stochastic part de-
scribes the fluctuations due to random thermal force F R = (2kBT%0)(1/2)'(t). With

%'(t)& = 0; %'(t#)'(t##)& = (j,k((t
# $ t##) (3.7)

for the vector '(t), this force averages to zero and its components are independent of
each other with an autocorrelation length of zero (white, Gaussian noise).

For convenience equation 3.6 can be rewritten as

P
d!

dt
= $! + (2D)1/2'(t) (3.8)

with a persistence time P # m/%0.

In a straightforward calculation, we can show that this most general expression for a
Brownian particle with inertia and viscous drag leads to the same formula for the mean
squared displacement of protozoa found by Fürth (3.5) (see Appendix A.1). In a phe-
nomenological approach, cell migration can thus be described by a general form of
equation 3.6, dividing the dynamics into a deterministic and stochastic part and deter-
mining the values of the constants by experimental results.

It is important to mention again, that the physical meanings of the three terms in Orn-
steins Langevin equation do not hold when this equation is used to describe cells as
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persistent random walkers. The friction by the surrounding medium is irrelevant. Crawl-
ing cells move by periodically attaching and detaching to the substrate (see cycles of
ameboid crawling in Section 3.1). Acceleration as well as the damping of motion has
an intrinsic origin in the actin-machinery of the cell.

However the Ornstein-Uhlenbeck model is the most simplest to describe random cell
migration. It served as a conceptual paradigm and migration data has been fitted to it
quite often with sometimes impressive agreement.

One has to be careful though, as Selmeczi et al. [79] pointed out, since data of cell
trajectories taken with a time resolution !t that is comparable to P cannot distinguish
(3.5) from other function that quickly approach 2nD(t $ P ), the regime where the dis-
placement becomes diffusion like (equation 3.2).

Therefore, when comparing with experimental results, it is more useful to look at the
velocity auto-correlation function (VACF)

"(t) = %!(0) · !(t)& =
nD

P
e!|t|/P , (3.9)

which follows from Fuerths formula (3.5) by integrating, respectively differentiating twice
(Appendix A.2).

In section 5.3, starting with a generic version of equation 3.6, we will step by step
derive a phenomenological description for the chemotactic movement of cells in gradi-
ents of varying magnitude, therefore extending the model by a directional component.
With the use of microfluidics in combination with a reliable automated cell-tracking al-
gorithm, time-lapse microscopy on a mobile microscope stage enabled us to acquire
rich datasets for these purposes. Although much work has been done on the theory of
biased random walks, this is, to the knowledge of the author the first time, that a similar
approach is confronted with experimental data.
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Materials and Methods

4.1 Cell Culture

The cells were grown on petri dishes in an axenic medium (without bacteria as food),
containing 35.5 g/L of HL-5 (ForMedium Ltd., 7 g/L yeast extract, 14 g/L peptone, 0.5
g/L KH2PO4, Na2HPO4) [30]. For starvation at the beginning of every experiment, cells
were washed from the petri dish and put into a shaking phosphate buffer solution (15
mM KH2PO4, 1 mM Na2HPO4, pH 6.0) at an average density of 2 · 106 cells per mL. To
encourage development, an external pulse, consisting of three 20 µl droplets of cAMP,
was given every 6 minutes by a peristaltic pump. With 25 mL of cell suspension in
the flask, this pulse created a concentration of 50 nM in the shaking culture. After
4.75 hours the cells were centrifuged at 4g for 5 minutes and filled into the microfluidic
channel. Depending on daily variations this filling procedure was finished 5-5.5 hours
after starvation had begun.

The cells were to attached to the glass coverslip, sealing the bottom of the microfluidic
channel, when the experiment was started with the flow at a development time of 5:5 h.

4.2 Microfluidics

4.2.1 The Gradient Mixer

To quantify random and directed migration of Dd, we exposed cells to well defined
concentration profiles of chemoattractant. Earlier methods for generating gradients in
solutions used pipet tips or gel reservoirs [31,101,102].These setups relied on diffusion

23
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(a) (b)

Fig. 4.1: Cells developing in a shaking culture of phosphate buffer solution: (a) every 6
minutes, with the help of a peristaltic pump (left side, together with control display and
cAMP reservoir), a 60 µL pulse of cAMP is injected via a connected tube into the flask
(b), containing 25 mL of cell suspension.

of the chemoattractant between a source and a sink and sometimes needed more then
10 minutes to establish the desired concentration profile, exposing a cell to an ill defined
and unstable stimulus at the beginning of the experiment. Furthermore, keeping the
diffusion gradient between the source and the sink constant required a sophisticated
pumping system that had to be well calibrated. The spatial resolution and temporal
stability of the concentration gradients in these chemotaxis chambers were poor.

For our experiments, we used a slightly modified version of the microfluidic gradient
mixer pioneered by Jeon et al. [45]. In this device shown in figure 4.2, two different inlet
concentrations of cAMP are flown into a pyramidal cascade. At each bifurcation inside
of the network, the flows from the neighboring branches are mixed together by diffusion.
As one goes up this ‘christmas tree’ structure, more and more branches provide finer
and finer concentration mixing. At the end of the cascade, all branches merge into a
single channel and the different concentration steps produce a linear gradient between
the two inlet concentrations, perpendicular to the direction of the flow.

During the experiment, a syringe pump (Harvard Apparatus PHD 2000), which is con-
nected to the channel inlets via tubings, maintains a steady and laminar flow, ) #
675 µm, high enough to keep the gradient constant but low enough to prevent the cells
from being washed away or to induce mechanotaxis due to the present shear stress
(Section 4.2.3).

The microfluidic gradient mixer can be built easily at low cost, and because of its trans-
parent material (PDMS), it is well suited for optical observations. The flow provides a



4.2. Microfluidics 25

picture that links the molecular details of intracellular
signaling to the macroscopic movement of cells is only
beginning to emerge. Systematic observations of che-
motactic behavior in precisely controlled and tunable
environments are needed to complement the progress in
unraveling the biochemical pathways.

In the typical chemotaxis assays, concentration
profiles are established by diffusion from a chemical
source through porous media or a small gap to a sink
(Boyden, 1962; Cutler and Munoz, 1974; Fisher et al.,
1989; Nelson et al., 1975; Zicha et al., 1991; Zigmond,
1974, 1977). In most cases, the concentration profile is
established slowly and continues to change over time.
One notable exception is the design by Fisher et al.
(1989) where temporally stable gradients were estab-
lished by running solutions of different concentrations
through semipermeable fibers embedded in an agarose
gel. All of these chambers have the disadvantage that
they do not allow the removal of any chemicals released
by the cells themselves. This can significantly influence
the chemical environment of the cells. Microfluidic
devices combine a number of features that make them
optimally suited for the study of chemotactic behavior.
Aside from allowing a precise manipulation of the
concentration profile (Chiu et al., 2000; Jeon et al., 2000,
2002) and reducing the transition time to establish a
stable linear gradient to the order of a few seconds or
less, microfluidic devices can also control the concentra-
tion of substances released by the cells themselves and
thus replace a dynamically changing concentration
distribution with an externally controllable chemical
environment.

So far, microfluidic devices have been applied to the
migration of neutrophils (Lin et al., 2004), bacteria
(Thar and Kuhl, 2003), and cancer cells (Wang et al.,
2004). Here, we use microfluidic techniques to study
Dictyostelium chemotaxis in spatially linear and tempo-
rally stable cAMP gradients. In the device, stable
gradients can be maintained as long as required. The
concentration profile was verified by three-dimensional
2-photon imaging techniques and numerical finite-
element simulations.

The experiments showed a threshold for the chemo-
tactic response at a gradient value of dc=dy ! rc "
10#3 nM=mm. Above threshold, the motion was gov-
erned by the absolute steepness of the gradient of the
chemoattractant, i.e., independent of the local concen-
tration. The chemotactic speed and the motility in-
creased with increasing steepness of the gradient until
rcE10#1 nM/mm; no further increase of the chemotac-
tic response was observed in steeper gradients up to
rcE1 nM/mm. In gradients above rcE10 nM/mm, the
cells lost directionality and the motility returned to the
sub-threshold level. An estimate of cAMP receptor
occupancy as a function of gradient steepness offers a
possible explanation. It shows that in the regime of

optimal response, the difference between front and back
receptor occupancy is only about 100molecules,
whereas for very steep gradients saturation of the cell
surface receptors suppresses a chemotactic response.

Materials and methods

Experimental setup

We used a modified version of the microfluidic
pyramidal network pioneered by Jeon et al. (2000) to
join a solution of cAMP with developmental buffer in a
cascade mixing procedure as described by Rhoads et al.
(2005). A schematic diagram of the pyramidal device is
shown to scale in Fig. 1. Solutions of minimal (zero) and
maximal (cmax) cAMP concentrations were introduced
into the device through two inlets. At each bifurcation in
the network, the flow was parted into an upper and a
lower branch and diffusively mixed with the flow from
the neighboring channels. Consequently, well defined
concentration steps were generated with high precision
before all branches were finally merged in a single
channel to produce a linear gradient perpendicular to
the direction of the flow. The length, width, and height
of the channel were l $ 5mm, w $ 525 mm, and
h $ 50mm, respectively. An automated syringe pumping
system (Harvard apparatus PHD 2000 infusion pump
with 500 ml Hamilton gastight syringes) was used to
maintain a steady flow through the device. During the
recording of experimental data, the flow speed in the
main channel was 650 mm/s, which was high enough to
ensure a stable concentration gradient over the entire
length of the channel but low enough so that the cells in
the channel were not washed away. This constant flow
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Fig. 1. Layout of the microfluidic channel network used to
generate a linear concentration gradient. The color coding
displays the concentration from a two-dimensional numerical
simulation of the Navier–Stokes and convection-diffusion
equation in the shown geometry using FEMlab 3.1. Black
lines mark in- and outlets that were not part of the numerical
simulation. Parameters: density r $ 10#12 g=mm3, kinematic
viscosity n $ 106 mm2=s, inflow velocity v $ 3250mm=s, inflow
concentrations: zero and cmax $ 2 nM, cAMP diffusivity D $
400mm2=s (Bowen and Martin, 1964), no-slip and isolating
boundary conditions except for inlet and outlet.

L. Song et al. / European Journal of Cell Biology 85 (2006) 981–989982

Fig. 4.2: Microfludic Gradient Mixer for Chemotaxis Experiments: two different concen-
trations flown into the channel inlets undergo steps of diffusive mixing at each branch
to form a linear stable gradient in the area of observation. The mixing was made visible
by 2-photon microscopy using two different concentrations of fluorescein. Color code
shows local concentration, ranging from c0 at inlet 1 to cmax at inlet 2. Adapted from [81].

constant supply of oxygen and removes all substances released by the cell. This pre-
vents cells from signaling each other, which would perturb the concentration gradient
and bias the chemotactic motion.

4.2.2 Fabrication

All microfluidic devices were fabricated with poly(dimethylsiloxane) (PDMS), using rapid
prototyping and soft lithography [26, 99]. The CAD-file of the channel layout is printed
on a transparent mask, that can have features finer then one micron. Working in a
particle free environment (Clean Room Class 1) we used 1:1 contact photolithography
with SU-8 photoresist on a thin Si-wafer, to generate a negative master of the mask,
consisting of the desired pattern (figure 4.3). First, in a process called spin coating, the
photoresist is dispensed onto the wafer, which rotates rapidly to produce a uniformly
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thick layer. Depending on the viscosity of the photoresist, the velocity and the duration
of spinning one can create masters of different height.

 



 











Fig. 4.3: Steps of microfabrication I: the channel designs CAD-file is printed on a mask
and transferred to a negative master slide on a silican wafer using photolithography.

Typically, to create our channels with a desired height of 50 µm, we used SU8-50 pho-
toresist and in a defined procedure slowly ramped to a spin coating velocity of 2000
rpm for 35 seconds. After exposure to UV-light, the pattern from the mask is transfered
to the wafer. The exposed parts become insoluble (negative photoresist) and developer
is used to remove the uncrosslinked parts. The master wafer is created.

The channel itself is produced by molding 75 grams of liquid PDMS with 7.5 grams of
curing agent against the master-wafer. Heating the mixture for 45 min at a temperature
of 75 $ C, the crosslinkers connect the free polymer chains inside of the solution and
the mixture solidifies.

fluid 

inlets PDMS 

microscope 

coverslid 

remove 

wafer 

plasma clean, 

attach to cover slid 

Fig. 4.4: Steps of microfabrication II: Softlithography- a positive replica of the channel
structure is produced by pouring PDMS on the master wafer. Before the experiment,
holes for the concentration and cell inlet are punched by a needle with a diameter of 1
mm.

Approximately one hour before use, we cut out the device using a scalpel and punch
out the inlet and outlets for the fluids using a sharpened needle with a diameter of
1mm. Together with a glass coverslip, the PDMS block was put for 4.5 min into a HAR-
RICK plasma cleaner. During this process, an air plasma oxidizes the PDMS, etching
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hydrocarbons and leaving SiOH groups on the surface [13,40,65]. When placed in con-
tact with the likewise oxidized glass coverslip, Si-O-Si bonds form at the interface, the
channel is sealed tight. Additionally, the plasma cleaning produces an important side
effect. Due to the clean surface, covered with SiOH-molecules, the channel becomes
hydrophilic, it can be wet by polar liquids much easier [9]. Since this effect vanishes
after approximately half an hour, the channel is filled immediately by connecting the
punched inlets with the tubings from the infusion apparatus. Our microfluidic device is
ready for use.

Fig. 4.5: Fabricating Microchannels: a PDMS block has been cut out. This corresponds
to the transition from step one to step two in figure 4.4. The block is a negative replica of
the channel structure on the wafer. After punching holes for the fluid inlets and sealing
it with a glass coverslip, the gradient mixer is ready for use.

4.2.3 Hydrodynamic Properties

Flow Profile and shear Stress

Given the dimensions of our microchannel (width=525 µm, height= 50 µm) we want to
estimate the hydrodynamic properties and calculate the shear stress due to viscous
forces. Shear stress is important, because cells are not only sensitive to chemotac-
tic but also to mechanical stimuli. Depending on their developmental stage, they tend
to parallel, to either walk towards or away from the direction of an applied stress [22].
Since we want to quantify the migration in response to a linear gradient of chemoattrac-
tant any possible bias due to flow effects should be avoided. This basic calculation has
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been done in detail for a similar microfluidic device by Dalous [18] with slightly different
parameters.

Due to the high aspect ratio, we can neglect the lateral extension represented by the
channel width W compared to the height H (figure 4.6). Except near the side walls, the
flow follows a parabolic profile and depends only on the z-axis coordinate

v = v(z) · ex, (4.1)

with a maximum velocity at a height of 25 µm, vmax = v(H/2) (figure 4.6).

Fig. 4.6: Parabolic flow profile inside the microfluidic channel: the height H of the
chamber is small compared to the lateral extension W .

We could describe the motion of an incompressible fluid with the Navier-Stokes equa-
tion, which, in the stationary state becomes

'
*2v

*z2
=

*p

*x
, (4.2)

with p for the pressure and ' for the dynamic viscosity. With a constant pressure gradi-
ent driving the flow, integrating (4.2) together with the boundary conditions v(z = 0) = 0

and v(z = H) = 0 gives a solution of the form

v(z) = C · z(H $ z) (4.3)

with C being a constant.

The volume flux J then calculates like
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J =

! W/2

!W/2

dy

! H

0

v(z)dz =
CWH3

6
(4.4)

from which one can determine the value of the constant C. With the flow velocity

v =
6J

WH3
z(H $ z) (4.5)

we want to calculate the shear stress + exerted by viscous forces at the level of the
parabola:

If we plug our velocity into the general form

+ = '
*v

*z
(4.6)

one gets

+ =
6J'

WH2
. (4.7)

The stress-strain relation for a Newtonian fluid reads

+ = 'G = '
*v

*z
(4.8)

where the stress-module is defined by

G =
6J

WH2
. (4.9)

In our experiments we used a flow rate of J = 0.5 µl min!1 to maintain a linear and
stable gradient. This corresponds to an average flow velocity of )̄ = 320 µm s!1 and a
maximum at z = H/2 of

)0 = 475 µm s!1. (4.10)

Together with the channel dimensions W = 525 µm, H = 50 µm and a dynamic viscosity
for the various solutions of cAMP assumed to be on the order of ' = 10!3 Pa s we
calculated the shear stress to be on the order of

+ # 0.038 Pa. (4.11)
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According to the literature, mechanosensing in Dd has been observed above a thresh-
old of + = 0.5 Pa [22]. We are thus approximately one order of magnitude below the
regime where flow induced shear stress would bias the motion of chemotactic cells.
Furthermore, in our control experiments with a flow of phosphate buffer running with
the speed as in our experiments with cAMP gradients, the cells showed no systematic
bias against or towards the direction of the flow.

Flow Effects on Gradient Magnitude and Direction

In the microfluidic channel, cells are three dimensional objects that perturb and distort
the laminar flow field in their vicinity. If a chemical substance is carried along with the
fluid, this can alter the actual concentration gradient which is sensed by the cell. The
dependence of this distortions on the length scales of the system and the flow speed
has been analyzed carefully by Beta et al. [7].

In a two dimensional configuration, the concentration is a function of y only (figure 4.7).
For a very high flow speed, where convective transport dominates over diffusion, the
streamlines separate close to the stagnation point. The same concentration c0, that
corresponds to the position of the central axis of the cell, is found on both sides of the
cell as the flow divides to pass the obstacle.

Fig. 4.7: Two-dimensional flow with linear concentration gradient around the cell (circu-
lar, impermeable obstacle of radius r). For high flow speeds, diffusion can be neglected
with respect to convection. The streamlines corresponding to c0 separate. The same
concentration c0 is found on the upper and lower half of the cell. The linear gradient is
shielded. [7]

In the end, the cell is exposed to a significantly reduced gradient. The faster the flow
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speed, the stronger is the influence of this bias, termed shielding effect. For smaller flow
speeds, diffusion counteracts the shielding effect. On the upper side of the cell with
a higher concentration cf, the chemoattractant is transported into the boundary layer,
while on the lower side, where the concentration c0 is higher then in the neighboring
bulk liquid cb, material diffuses outward and the boundary layer is depleted.

The actual gradient, experienced by the cell, is therefore determined by the ratio be-
tween the time scale of the fluid flow, which can be changed by adjusting the flow
speed, and the time scale of diffusion, which is fixed for a given chemical substance.
With too high flow speed, the concentrations at the two sides of the cell will be close to
c0, the gradient is shallower then in the upstream profile, while at very low flow speeds,
the gradient is steeper then in the original profile.

approximately D = 400 lm2 s!1 for the chemoattractant cyclic
AMP (cAMP) results in an optimal flow speed of v " 95 lm s!1.

It has to be kept in mind that this estimate is based on a
number of simplifying approximations in the flow problem.
(1) The circular cell has been collapsed to a thin wall that is
aligned with the direction of fluid flow. For a circular object,
the deformation of the flow is likely to enhance the gradients
on both sides, so that the diffusive fluxes to and from the
boundary layer will be accelerated, resulting in a shorter time for
buildup of the required concentration difference at the obstacle,
i.e. a higher value of the optimal flow speed. (2) We have
neglected diffusive transport in the flow direction. Diffusion will
counteract the buildup of a concentration difference and thus
increase the required time, that is, reduce the optimal flow speed.
(3) We have neglected the presence of a viscous boundary layer
and assumed slip boundaries at the cell surface. Under no-slip
boundary conditions, the reduced flow speed close to the cell
surface will result in an increased time for the diffusive buildup
of the aforementioned concentration difference. Thus a higher
flow speed is required to balance this effect and reach optimal
conditions. As concentration differences in flow direction are
small, we assume that the effects described under (1) and (3)
overcompensate the error according to argument (2), so that the
flow speed defined in eqn (7) underestimates the optimal speed.

3. Three-dimensional system—numerical
simulations

We will now turn to the full three-dimensional flow geometry.
Here, analytical approximations are no longer available. We
therefore performed numerical finite element simulations of
the underlying convection–diffusion problem. Computations are
performed on different complex three-dimensional domains to
account for a variety of different cell shapes.

Equations and numerical methods

Equations. We consider the stationary flow of an incom-
pressible and Newtonian fluid around an immobile obstacle in
a microfluidic channel. In this case, the fluid flow is described by
the stationary Navier–Stokes equations,

(8)

with #v , p, g, and q denoting velocity, pressure, dynamic viscosity,
and density of the fluid, respectively. The chemoattractant is
considered as a passive scalar c carried by the fluid flow. In the
stationary case, its dynamics are governed by the convection–
diffusion equation

(9)

where D is the diffusion constant of the passive scalar. Eqn (8)
and (9) are solved numerically on different three-dimensional
computational domains.

Flow and cell geometry. Simulations are carried out for the
segment of a microfluidic channel with rectangular cross section,
see Fig. 3A. We chose a typical set of geometric parameters that
was inspired by recent experiments on Dictyostelium chemotaxis
in a microfluidic gradient mixer.17 The computational domain

Fig. 3 Geometrical parameters of the three-dimensional finite element
simulations. (A) Computational domain with coordinate system and
side lengths. (B) Cell shapes are approximated by half-ellipsoids,
characterized by three semi-axes parallel to the coordinate axes of the
computational domain. (C) Rotation parameter a for elongated cells.
The projection of the cell length in the flow direction, Lcell,x, is chosen as
a characteristic length scale in the definition of the cell Peclet number.
(D) Example of a computational mesh for the finite element simulations.

extends Lx = 100 lm in the flow direction (x-direction) and is
Ly = 150 lm wide (y-direction). We chose a channel height of
Lz = 25 lm (z-direction) unless stated otherwise. The x-, y-, and
z-coordinates run from x = 0…Lx, y = !Ly/2…Ly/2, and z =
!Lz/2…Lz/2.

We approximate the shape of the cell by a half-ellipsoid. It is
placed as an impermeable obstacle at the center of the bottom
side of the domain. The shape of the ellipsoid is determined
by its three semi-axes, see Fig. 3B for definitions. In general,
the extension of the cell is small compared to the channel
width to minimize the influence of the channel side walls on
the flow in the vicinity of the cell. Here, we systematically
investigate the influence of shape variations on the flow problem.
In particular, we consider half-ellipsoids of circular bottom, rx =
ry, and changing height rz; half-ellipsoids of constant height
and changing degree of elongation rx/ry; and elongated half-
ellipsoids of constant height and changing orientation a with
respect to the flow direction, see Fig. 3C. The volume of the
half-ellipsoid is kept constant in all cases, 2

3
prxryrz = 589 lm3.

For symbols and notations see Table 1.
As boundary conditions for eqn (8), we choose no-slip

conditions at the bottom and top of the channel. At the side

Table 1 Symbols and notations

Symbol Quantity

c Concentration
c0 Concentration in absence of cell
c̄ Mean concentration
vx, vy, vz Fluid velocity
v0 Average fluid velocity
Lx, Ly, Lz Channel dimensions
rx, ry, rz Cell dimensions (semi axes)
a Cell orientation
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Fig. 4.8: Cell at the bottom of a threedimensional microchannel: from the extension
in flow direction LCell,x, the cell and channel heights rz, Lz and together with the flow
velocity )0, one can calculate a three dimensional Peclet number (Pe) [7].

As a measure for the flow problem the authors of [7] extend their description to the
three-dimensional case and defined the Peclet-number

Pe =
Lcell,x

D
h)0(3$ 2h), (4.12)

a dimensionless parameter, which relates the rate of convection to the rate of diffusive
transport. Here )0 denotes the maximum flow velocity, LCell,x is the extension of the
cell in x-direction and D is the diffusion constant of the chemoattractant, while h = rz

Lz

corresponds to the ratio of cell height and channel height (figure 4.8).

From an analytic derivation, Beta et al. calculated a value of Pe # 1.78 for the three
dimensional cell Peclet number, for which any positive or negative bias on the gradient
strength is minimized.
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With H = 50 µm for the height of the gradient mixer, rz = 5 µm and Lcell,x = 10 µm as
an average for the cell height and elongation in x-direction during migration of Dd, we
calculated our Peclet number to

Pe # 3.32, (4.13)

where we used D = 400 µm2/m for cAMP and )0 = 475 µm s!1, according to Section
4.2.3.

With our flow velocity )0, which is necessary to maintain a stable, linear gradient, we
are thus slightly above the optimal Peclet number (figure 4.9,left).

To quantify the overall bias on the gradient, the authors of [7] furthermore performed
numerical, finite element simulations for different Peclet numbers, varying normalized
cell height and flow speed. The global deviation from the original concentration gradient
was defined as

chemoattractant occurs at the sides of the cell pointing toward
higher and lower concentrations, respectively.

Although our present study was inspired by the use
of microfluidic devices, we point out that this effect will
play a role in any gradient chamber, including the classical
diffusion-based Boyden,10 Zigmond,11 or Dunn12 chambers. The
situation in these diffusion-based gradient generators corre-
sponds to the cases of zero flow velocity presented in Fig. 4 and in
the Fig. S7 and S8 of the ESI.† In our numerical simulations, we
observed averaged deviations in concentration gradient across
the cell surface of up to 10% in the absence of flow.

In a microfluidic gradient mixer, a fluid flow perpendicular
to the direction of the concentration gradient introduces an
additional time scale that influences the concentration distri-
bution across the cell. This could be analytically quantified for a
simplified two-dimensional configuration. In this case, we found
that the gradient exposure is optimal for a Peclet number of
Pe = 1.78. The two-dimensional case furthermore provided a
basis to discuss and rationalize the results of three-dimensional
numerical simulations of cells in microfluidic gradient mixers. In
summary, the simulations showed the following major trends:

Deviations from the optimal gradient, which is imposed at
the channel inflow, increase for increasing average flow speed
v0 and increasing ratio h = rz/Lz, where rz is the cell height
and Lz the channel height. The most pronounced deviations are
found for high flow velocities v0 and a height ratio h approaching
unity. In this case, the shielding effect is strongest. For small v0

and rz much smaller than Lz, deviations are less dramatic. Can
we estimate the region in the (h, v0)-plane, where deviations
in gradient exposure are small, i.e., operation of microfluidic
gradient mixers is “save”? Let us assume that in the three-
dimensional flow, optimal conditions are reached at a similar
Peclet number as in the two-dimensional case. We thus require
that the cell Peclet number according to eqn (14) is equal to 1.78.
This condition yields a relation between h and v0 for the optimal
choice of these two parameters. It is represented by the curve in
Fig. 8A. For smaller flow speeds or decreasing values of h we
do not expect any larger deviations from the optimal gradient.
Additionally, for small h gradient deviations are generally small
and show a weak dependence on the flow velocity (see, e.g.,
the green curve in Fig. 4C). The curve in Fig. 8A can be thus
considered as an upper bound, which should not be exceeded to

Table 2 Maximally tolerable flow speeds for different ratios of cell
height versus channel height

Cell height : channel height, rz : Lz Max. flow speed v0/lm s!1

1 : 10 207
2 : 10 112
3 : 10 81
4 : 10 66
5 : 10 58
6 : 10 54
7 : 10 52
8 : 10 52
9 : 10 54

keep gradient deviations small. In the gray shaded region below
this curve, we estimate deviations not to exceed 10%. To facilitate
practical use of these estimates, we list the maximally tolerable
flow speeds for different ratios of cell height and channel height,
h = rz : Lz, see Table 2.

It has to be kept in mind that Fig. 8A is based on the assump-
tion that the optimal Peclet number can be approximated from
the two-dimensional case, although the value of 1.78 will not
match the optimum for every three-dimensional configuration.
As a rule of thumb, we conclude from our simulations that a Pe-
value on the order of 1 will assure that gradient deviations are
kept below 10% in most cases. This is illustrated in the example
shown in Fig. 8B that displays the global gradient deviation as
a function of the Peclet number for different channel heights Lz.

Besides cell height and flow velocity, also cell shape and
orientation in the flow can induce changes in the average gradient
across the cell. The gradient exposure decreases with elongation
of the cell in the direction of fluid flow and increases with
elongation perpendicular to the flow (see Fig. 6). Similarly,
rotation of the cell from a parallel to a perpendicular orientation
with respect to the flow increases the average gradient across
the cell as shown in Fig. 7. The change in gradient exposure
induced by these shape factors can range up to 10%. They may
possibly result in self-enhancing effects: if a chemoattractant
gradient induces elongation of a cell perpendicular to the flow,
the increased average gradient exposure of the elongated cell
may support and stimulate further elongation.

The finite element simulations may be extended to take effects
of a moving cell surface into account. Here, both passive

Fig. 8 Optimal cell Peclet number. (A) Relation between the flow velocity v0 and the normalized cell height h = rz/Lz (ratio of cell height and channel
height) for a three-dimensional cell Peclet number of Pe = 1.78. (B) Example showing the global gradient deviation as a function of the cell Peclet

number for different channel heights, Lz = 5.5 lm (green), 7.5 lm (yellow), 10 lm (pink), 17.5 lm (violet), 25 lm (blue), and 50 lm (brown). The cell
has a circular base with rx = ry = 7.5 lm and a height of rz = 5 lm.

This journal is © The Royal Society of Chemistry 2008 Lab Chip, 2008, 8, 1087–1096 | 1095

Fig. 4.9: Gradient deviations as a function of the Peclet number (Pe): (left) relation
between flow velocity )0 and normalized cell height h = rz/Lz. The border to the gray
shaded region denotes the regime of an optimal Peclet number of Pe = 1.78. The
red dot indicates the experimental conditions of our gradient mixer experiment. (right)
global gradient deviations (̄% as a function of Pe for different channel heights, rz =5.5
µm (green), 7.5 µm (yellow), 10 µm (pink), 17.5 µm (violet), 25 µm (blue) and 50 µm
(brown). Though we are slightly outside the optimal regime, for a given channel height
of H =50 µm, deviations in the gradient (̄% are below 10 %. [7]
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(̄% =
|%!c&|$ |%!c0&|

|%!c0&|
, (4.14)

where %& denotes averaging over all local deviations across the surface of the cell.

Results are shown in figure 4.9 on the right. Although we are above the the optimal
regime, the bias on the gradient strength sensed by the cell is below 10 % for Pe # 3.32

with an estimated normalized cell height of h = 0.1 (intersection between brown and red
dotted line). Besides the effects of flow velocity and cell height, changes in a cells shape
and orientation in the microchannel can as well alter the the concentration gradient.
Additional simulations in [7] however showed that these deviations also do not exceed
(̄%=10 %.

We performed experiments for gradients ranging over several order of magnitudes (Sec-
tion 5.1.3),where single pairs of datapoints differ by at least half a decade in their gra-
dient strength. Deviations in gradient magnitude below 10 %, as being estimated here,
could thus be neglected and were irrelevant for our statistical analysis.

4.3 Experimental Setup

4.3.1 Microscope Object Holder

The microfluidic gradient mixer, sealed by a coverslip of 1 mm thickness and 45 x 20
mm size, is mounted on the motorized microscope table by an object holder especially
designed for its purpose (figure 4.10). Since several tubings are attached (figure 4.10b)
that put the channel under stress and because we are doing longtime migration exper-
iments up to three hours, this holder proved to be necessary to keep the setup stable
and to prevent the cells from running out of focus during time-lapse camera recordings.

The bottom of the channel with the coverslip is placed into the depening of the object
holder and the carriage is closed until it touches the side walls of the the higher PDMS-
Block (figure 4.11). After the channel has been filled, giving the setup some time to
relax and equilibrate to the temperature, the two outer screws are tightened and fix the
coverslip smoothly with their rubber head.
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(a) (b)

Fig. 4.10: (a) CAD-Drawing of the microscope object holder, designed for long term
microfluidic experiments: the PDMS-block with the microchannel, sealed by a glass
coverslip is put into the cavity in the middle and fixed by the slides on the left and right
(black arrows). The outer screws are then tightened gently (red arrows) and press
on the coverslip from above with their soft rubberhead (yellow). (b) the microfluidic
gradient mixer in the object holder on the microscope stage together with connected
tubings. Cell migration is recorded by an inverted microscope (illumination comes from
above, objective and camera are below the object holder).

4.3.2 Time Lapse Microscopy

All experiments were performed on a Deltavision RT system manufactured by Applied
Precision, built on an inverted microscope (Olympus IX-71). To follow the cell motion
over the width of the gradient, we recorded mages in differential interference contrast
(DIC) with a magnification of 10x at three different points of the channel, using a Cool-
Snap CCD. Each point is visited again after a time lapse of 10 seconds and images are
stored in 8bit tif format. With a plan apochromat objective, having a numerical aperture
of NA=0.40, we get a theoretical resolution limit of

r =
,

2NA
# 690 nm (4.15)

using green light with , # 550 nm. This is in the range of the resolution of our camera
images (1 Pixel = 0.6409 µm).
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Fig. 4.11: Experimental Setup for Time Lapse Microscopy of directed cell migration:
mounted on a mechanized table, the sealed microchannel in the designed object holder
(magnification on the left) generates a linear gradient between the two inlet concentra-
tions of chemoattractant (two tubings on the left). Throughout the experiment, a con-
stant flow is provided by syringe pumps. The tubing on the right is connected to the
third inlet and serves for loading the cells. Piezo motors, controlling the xy-coordinates
of the table allowed us to record three images at different points of the channel within a
standard time lapse of !t= 10 s.

4.3.3 Checking the Gradient Profile

By adding 5 µL of 10 mM fluorescein before the experiment to the syringe that contains
the cAMP solution of varying concentration, we were able to check for the spatial and
temporal stability of the gradient profile. At the end of each experiment, the line profile
of the fluorescent image at each of the three visiting points was recorded for a period
of T = 5 min (sample image in figure 4.12).

Running at an adjustable average flow velocity of v = 320 µm s!1, determined by the
infusion rates of the syringe pump, the fluorescein gradient is linear and stable within
350 µm in the middle of the channel (see Section 5.1.1). Due to boundary effects, the
profile is distorted near the walls. All cell trajectories within this non-linear area were
excluded from statistics.
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Fig. 4.12: (a) Line Profile of fluorescein intensity inside the gradient mixer (b) the same
picture in DIC, showing the cell population being exposed to the gradient. Only cell
trajectories within the region of interest (blue) are considered for statistics.

4.4 Image Processing Techniques

4.4.1 Differential Interference Contrast (DIC)

Imaging cells with sufficient contrast has been a challenge for physicists to develop new
microcopy methods. Cells are phase objects. They cause a shift in the phase of the
incident light wave due to their different index of refraction. At the same time, there is
almost no absorption. In a conventional bright field microscope the phase information is
lost because only the intensity of light is recorded. Together with the lack of absorption,
cells in focus are thus hard to be distinguished from a transparent background like the
glass coverslip and the PDMS microchannel in our experiment.

Apart from staining the cells with a visible color, which can inhibit their functionality
since most of the available dies are toxic, a possible workaround is to record slightly out
of focus. Cells can be thought of as small lenses. By moving out of the focal point of
the lense, its shape, a blury contour of the cell becomes visible as a darker or brighter
spot in the image. However this method is inaccurate and unsatisfying if one is to
capture precise information not only about the cell centroid position but also about the
cell boundary.
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To analyze cell migration in the gradient mixer we decided for differential interference
contrast microscopy. This method uses the interference of two light beams that trans-
form the gradient in the phase of an object into contrast information [17,42].

As shown in figure 4.13, after passing a polarizing filter, light reaches the Wollaston
prism, made of two crystals whose optical axes are aligned perpendiculary. The inci-
dent beam is polarized at 45$ with respect to these axes and split into its components,
two rays of identical amplitude. These two rays are now polarized at 0 $ and 90$ and
aligned parallel but slightly separated by a shear vector !- , with a distance around 0.3
µm, which is smaller then the spatial resolution of the microscope objective.

The light is then focused by the condenser lens, effectively illuminating the sample by
the shifted beam pairs. After transmission, the two partial beams are recombined by a
second Wollaston prism behind the object plane. Interference is then observed with the
help of a second polarizer (analyzer), orientated perpendicular to the orientation of the
first polarizer at 135$.

The light incident to the analyzer has

.E = A · ei(!!"/2)î + A · ei(!+"/2)ĵ, (4.16)

where / represents the phase difference between the two light paths and î, ĵ are the
unit vectors pointing into the directions of the two polarized beams. The analyzer takes
the component along 135 $

Eout =

"
$ 1'

2
î +

1'
2
ĵ

#
·
$
A · ei(!!"/2)î + A · ei(!+"/2)ĵ

%
, (4.17)

which becomes

Eout =
2A'

2
iei! sin

$/

2

%
. (4.18)

The light intensity is given by the square of the amplitude

I = 2A2 sin2
$/

2

%
. (4.19)

We separate the phase shift into / = /0+!/, where /0 is a bias introduced by adjusting
the second Wollaston prism, and

!/ = !- ·!0 = !-
*0

*r
(4.20)
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Fig. 4.13: Optical components and light path in DIC-microscopy: the prism in the con-
denser (Wollaston I) splits the light and illuminates the sample with pairs of parallel
beams, shifted by the shear vector !- . The dots and dashes indicate linearly polarized
light with vibrations perpendicular to each other. The two beams recombine with the
help of a second prism (Wollaston II). A possible differential phase shift by the spec-
imen causes an elliptical polarization that can pass the analyzer, which is orientated
perpendicular to the polarizer. [17]

is the phase shift introduced by the specimen. The fraction */*r denotes the directional
derivative along the shear vector. For the intensity we then get
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I = 2A2 sin2

"
/0 + !/

2

#

= 2A2 sin2
$/0

2

%
+ 2A2 sin(/0)!/ + O(!/2)

# Ibackground + 2A2 sin(/0)!/.

(4.21)

To maximize the dynamical range, we set the bias to /0 = &/2. With

ã = 2A2!- sin(/0) (4.22)

equation 4.21 together with equation 4.20 becomes

I = Ibackground + ã
*0

*r
. (4.23)

In the absence of any specimen, the two waves recombine to one linearly polarized
wave at 45$, which is blocked by the analyzer, the image behind remains dark. If the
pair of two beams experience a phase gradient in the object, their optical path changes
and they become shifted in phase. Light from the resulting elliptically polarized wave
can pass the analyzer, the resulting image displays the gradient in the optical pathlength
along the shear vector between the two shifted images.

4.4.2 Segmentation of DIC-images

The recorded 8bit DIC-images, with a resolution of 1024x1024 pixel, were transferred
to an iMac with 2 GHz Intel Core Duo processor for processing. Using Mathworks
MATLAB 7.5 with the Image Processing Toolbox we developed a method to binarize the
image and to distinguish the cells from the background and possible optical artifacts.

DIC imaging displays the phase change caused by a difference in the optical pathlength
between two interfering beams, one from the original image and one from a version that
is shifted along the shear vector !- . In the direction perpendicular to the DIC-shear,
there is no contrast against the background and hence a lack of information about the
complete cell boundary. Furthermore, a positive or negative phase shift is displayed
differently. Going on along a line parallel to the shear vector, an increase in the optical
density darkens, while a decrease brightens the image (figure 4.14). The profile is
characterized by a transition of bright to dark.
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Fig. 4.14: (a) DIC-Image of AX3-Wildtype cells (b) Intensity profile along the direction
of the shear vector !- (yellow line in left figure).

Therefore standard image processing methods like thresholding or edge detection will
result in discontinuous regions inside of the cell or cause unconnected boundaries.

To retrieve an image where one can apply a global threshold, Heise et al. [37] proposed
to integrate equation 4.23 along the shear direction r = !- to get a dependence on the
optical path length 0. In our microscope setup the shear angle of !- is equal to 45$ so
that one therefore sums up the intensity change along each diagonal pixel line i up to
the considered pixel at location rn = (xn, yn).

This integration generates a new image with an intensity GL, now proportional to the
optical path length 0 of the object at position (x, y) related to the background:

GL(xn, yn) =

! (xn,yn)

i,Bound

(I(r)$ I(i,0))dr = ã0(xn, yn) + ci (4.24)

where ã denotes the constant 2A2!- sin(/0), I(i,0) denotes the mean diagonal line in-
tensity in the original DIC image, and ci is the measure for the intensity of the image
boundary for each line i.

However, as one can seen in figure 4.15 the new image is disturbed by a striped struc-
ture, caused by the accumulation of random noise along the integration path.

To correct this artifacts, instead of just summing up along the integration line, the au-
thors of [37] suggested a bidirectional, exponential decay term with the constant ( to
weight the integration. The new image with intensity GLC then reads:
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(a) (b)

Fig. 4.15: (a) original DIC-image from time lapse microscopy (b)restored DIC-image
after performing an uncorrected line-integration: cells contours with dark contrast are
disturbed by stripes, due to the accumulation of random noise along the integration path

GLC(xn, yn) =

! (xn,yn)

r1

(I(r)$ I(i,0))e
!#|rn!r|dr $

! (xn,yn)

r2

(I(r)$ I(i,0))e
!#|r!rn|dr (4.25)

4.4.3 Line Integration as Convolution

In practice, to account for discretization due to finite resolution and because of compu-
tational efficiency we decided to use a similar form of the corrected line integration and
perform the desired operation as a two dimensional convolution.

We do the image restoration in the reference frame S", where

&
x"

y"

'
=

&
cos " sin "

$ sin " cos "

' &
x

y

'
, (4.26)

and " is the angle of the shear vector. In this reference frame, x" points in the shear
direction, and y" is perpendicular to it. The intensity of the restored image is then
calculated by

IC(x", y") =

!!
IC(x#, y#)C(x# $ x", y# $ y")dx#dy#. (4.27)

The kernel reads
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C(x", y") = exp

"
$x"2

+A

#
· sgn(x") · exp

"
$y"2

+B

#
, (4.28)

where sgn is the sign-function. The weighting function C corresponds to a convolution
slide with a sign changing Gaussian in the center, which is orientated in the direction
of the shear vector ". Perpendicular to this line, a second Gaussian with a sharper tail
averages over the neighboring pixels (figure 4.16). The parameters +A=10 and +B=3,
which determine the width of the Gaussians, produced the most satisfying results.
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Fig. 4.16: (a) Convolution slide used to perform the weighted line-integration along the
preferred angle " given by the direction of the shear vector in the DIC-image (b) line
profile of the convolution slide in (a), showing the intensity parallel to the direction of
the shear (Gaussian with 10 pixel variance) (c) line profile of the convolution slide in the
perpendicular direction (Gaussian with 3 pixel variance).

According to the convolution theorem, we can perform our image restoration in the
frequency domain and multiply the fourier transform of our DIC-image F{I} with the
fourier transform of our convolution slide F(C):

F{R} = F{I ( C} = F{I} · F{C} (4.29)

The resulting image R, the inverse fourier transform, now displays sufficient contrast.
The cells appear dark on the gray background.

As one can in see in figure 4.18 the intensity profile now shows sharp edges at the cell
boundaries and a continuous and constant intensity value inside, that can be well dis-
tinguished from the uniform background so that we can apply a standard thresholding
technique.
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(a) (b) (c)

Fig. 4.17: (a) original DIC-image, (b) convolution slide, (c) restored image after con-
volution and inverse fourier transform. A magnified version of can be seen in figure
4.20.
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Fig. 4.18: (a) Cutout of restored DIC-image , (b) intensity profile along the yellow line
together with possible threshold for image segmentation (black-dotted line) (c) bimodal
intensity histogram (logarithmic scale) with two peaks, corresponding to dark cells and
the uniform grey background

4.4.4 Thresholding and Determination of the Cell Center

The restored images are binarized with the Isodata algorithm [77]. Isodata attempts to
find a value that best separates the bimodal intensity histogram (figure 4.18(c)). While
the first and most dominating peak is due to the uniform background, the second peak
corresponds to the somewhat darker cells with lower intensity value.

To isolate the two peaks from each other the algorithm first calculates,
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T0 =
1

2
(Imax $ Imin) (4.30)

in other words, one half of the dynamical range between the pixel values of our image.
We then evaluate the mean for all pixels that have values below and above T0 separately
and get an average for the foreground and background intensity:

%mf,0& =
1

N

N(

i

Ii ; Ii > T0 %mb,0& =
1

M

m(

j

Ij ; Ij < T0 (4.31)

Our new threshold

T1 =
%mf,0&+ %mb,0&

2
(4.32)

then lies in the middle of this two sample means and is used to reevaluate (4.31). The
procedure is repeated

Tk+1 =
%mf,k&+ %mb,k&

2
(4.33)

until the difference between the two threshold values between one iteration step be-
comes sufficiently small:

Tk+1 $ Tk < G (4.34)

We choose the parameter G to be the thousandth part of our dynamical range !I =

(Imax $ Imin). With our 8bit images, we found an average of !I # 250. In figure 4.19a
one can see the initial starting value T0 of the iteration process, as well as the final
threshold for a sample image . It now separates the two cells from the gray background.
The binarized image accurately captures the cells position with a rough contour of the
membrane shape.

The geometric center (x0, y0) of each cell is determined by calculating the centroid of
the corresponding pixel ensemble in the binary image:

x0 =
1

N

(

i

xi , y0 =
1

N

(

i

yi (4.35)

The number of pixels N corresponding to a cell was typically on the order of 200.
Depending on the varying cell density, for each recorded frame, the coordinates of
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Fig. 4.19: (a) Histogram of restored DIC-image together with start and end value of the
iterative thresholding procedure, (b) restored DIC-image: red areas mark values below
the threshold, (c) resulting binary-image after thresholding with cell contours (white) on
black background.

30 to 60 different cell positions are evaluated and stored.

4.5 Cell Tracking

Having identified the cell centroids position in each binarized frame we had to link these
locations together to produce trajectories in time and space. As a starting point for this
well known problem in digital image processing we used a customized version of the
MATLAB cell tracking algorithm written by Crocker and Grier [16].

To achieve proper trajectory linking, one has to determine which particle in a given

(a) (b) (c)

Fig. 4.20: (a) Group of cells recorded in 10x DIC (b) binary image after thresholding (c)
cell centroid positions (red) plotted in the original image.
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image most likely corresponds to one in the preceding image. Thus, we seek the most
probable set of N identifications between N locations in two consecutive images. A
schematic overview on the algorithm is given by figure 4.21.

Considering the migration of our cells as being similar to Brownian motion, the proba-
bility that a single identified cell centroid will move a distance ( in the plane in time - is
given by

P ((|-) =
1

4&D-
exp

"
$ (2

4D-

#
(4.36)

where D would correspond to the cell’s self-diffusion coefficient. For an ensemble of N

noninteracting cells the probability distribution would be the product

P ({(i}|-) =

"
1

4&D-

#N

exp

&
$

N(

i=1

(2
i

4D-

'
. (4.37)

The most likely assignment of cell labels from one image to the next is now the one that
maximizes P ({(i}|-), or equivalently that minimizes

# =
N(

i=1

(2
i . (4.38)

Each label assignment can be thought of as a bond between a pair of two cells in
subsequent images. The tracking algorithm then calculates # =

)N
i=1 (2

i for possible
combinations and chooses the one that minimizes this cost function #.

To evaluate all possible combinations of bonds however one would require O(N !) com-
putations [16]. Therefore the complexity of assigning labels is reduced by introducing
a length L as the maximum displacement a cell centroid can undergo in one time step
(figure 4.21b). With this parameter, the network of Nn particle locations in the n-th frame
and Nn+1 locations in the next, forming NnNn+1 possible assignments, is divided into
disconnected subnetworks that can be solved separately.

The computational effort for assigning the correct bonding within these subnetworks
formed by groups of cell centroids that are no farer then L away from each other is sig-
nificantly reduced. If L becomes small enough, most subnetworks only contain single
bonds. Such trivial linking then proceeds in O(N ln N) time [16].

Since we are tracking cell migration over longer periods of time, cells happen to wander
in and out of the region of interest or run into each other with overlapping cell bound-
aries. In these cases the tracking algorithm has to deal with an unequal number of
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(a) (b)

(c) (d)

Fig. 4.21: Schematic representation of the trajectory linking process: (a) black dots
indicate particle positions and trajectories in previous frames until position t, red dots
represent the identified particle locations at t + !t. The cost function #, minimizing the
square displacement, would have to be evaluated for Nt·Nt+!t possible set of bonds. (b)
to reduce complexity a parameter L, the maximum displacement between two frames, is
introduced and divides the system into subnetworks (black circle) (c) label assignment
becomes trivial for several subnetworks (green bonds), only the combinatorics between
the blue bonds has to be considered (d) minimizing #, the tracking algorithm has linked
the particle locations properly.
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cell centroid positions in two following frames, some bondings cannot be solved, and a
certain number of trajectories must be cut, or at least interrupted. To ensure a correct
assignment, as many missing bonds are introduced, that are necessary to balance the
number of particles between the two frames.

The cost of assigning a cell to one of these artificial dummy particles forming a ’missing’
bond is set to a length of (i = L, remembering that the parameter L has been chosen
as the maximum distance that a cell can travel in one time step of observation.

If a cell centroid is linked to one of the dummy particles the trajectory ends. The last
known locations of lost particles is stored for a defined time and still evaluated for bond-
ing assignment to minimize the cost function in case if a cell reappears sufficiently close
to its old location.

Although this option must be dealt with carefully since it gives an interpolation of mi-
gration speed over more then one tracked time step, it proved to be useful since noisy
images and artificial deviations due to a sudden centroid change can lead to a sudden
but only temporal loss of a particle’s position.

We can summarize the steps of trajectory linking as follows:

1. Initialize position matrix (Nx3) with rx,ry and t in ascending order containing the
coordinates of all identified particles in N frames

2. If the number of particles differs between two consecutive frames nt )= nt+1, start-
ing with n = 1, balance with dummy particles to allow missing bonds

3. Take positions in frame nt and frame nt+1. Using the cutoff parameter L, start with
trivial bonds and assign within each subnetwork to each particle in frame nt its
nearest neighbor in nt+1. Evaluate cost

# =
N(

i=1

(2
i =

N(

i=1

(xi,t $ xi,t+1)
2 + (yi,t $ yi,t+1)

2 (4.39)

for this set of combinations. Lost particles are connected to the dummy with cost
#d= L2. For a low particle density this solution is already close to the optimum.

4. Optimize bonding: Scan through all possible combinations within subnetworks
until a cutoff step tc and choose a new assignment in each iteration if

#t+1 $#t < 0. (4.40)
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5. Reconsider dummy particles in nt+1 and compare with lost links in previous frames
to reconnect broken trajectories.

6. Repeat procedure for next combination of frames, starting at 2.

The cutoff length for the maximum displacement a cell can undergo between two time
steps was set to

L = 10 pixel. (4.41)

With our time resolution of !t = 10 s this corresponds to a maximum cell velocity of ) =

38.5 µm/min. From comparison with literature and from own observations, cells were
never observed to move faster then 30 microns per minute and we therefore excluded
any artificial jumps due to measurement noise or deviations that might occur in the
controller of the mechanized microscope table.

In general, the tracking algorithm produces good results as long as the average dis-
placement ( of the cells between one time step is sufficiently smaller then the typical
space a that separates them from each other. With a lower density of cells in the
microfluidic channel, this distance increases and the tracking algorithm is more likely
to produce sufficiently long trajectories that enable motility statistics over larger times.
Otherwise, if the region of interest becomes to crowed with cells, the correct assignment
needs more computation time, or even fails completely, since the particle positions un-
dergo big jumps that make them undistinguishable.

In principle, one could add more parameters to the cost function #, to allow us to better
distinguish between the different cells, e.g. include the locations in the previous frame
nt!1 or also minimize the change in the velocity or acceleration for all possible bonds as
in [66], [100]. However, this method only improves the tracking results if one is to deal
with inertial particles that have a certain memory of their past velocity, which is not the
case for the diffusive like dynamics of migrating cells.

As will be shown in section 5.4 a cell’s morphology and polarization changes gradu-
ally during the experiment but remains almost constant within two subsequent frames,
which are recorded every 10 seconds. However, implementing the change in polariza-
tion and speed as an additional parameter would only slightly increase the accuracy of
the tracking algorithm. As an analysis of the broken trajectories showed, more then 90
% of the particles were lost due to a sudden jump in the particle location or because
two cell ran into each other and their center of mass in the binarized image became
undistinguishable.
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4.6 Motility Statistics

4.6.1 Velocity and Acceleration

Using the tracking algorithm described in section 4.5 gives us a series of cell trajectories
for further motility statistics (schematic representation in figure 4.22).

A cell trajectory can be represented by the two-dimensional position vector r(t) of the
cell center at each frame t. Depending on the experimental conditions, the average cell
density, the quality of the recorded images and also on the general activity of the cells
the length of the trajectories varies from ten till more then five hundred frames. With
our time resolution of a frame every !t = 20 seconds, this means that cell trajectories
ranged from 1 minute to 1.5 hours.

(a) (b)

Fig. 4.22: (a) Sample trajectory of a cell (dotted line) starting at t = 0 (b) the cells
centroids position for every subsequent frame, taken by time-lapse microscopy

Speed and directionality of migration are evaluated based on the instantaneous velocity
of the cell (figure 4.23a), which is calculated as

!(t) =
r(t + -)$ r(t)

-
. (4.42)

The acceleration or deceleration of the cell is determined by the instantaneous change
in the velocity between two time steps:

a(t) =
d!

dt
=

!(t + -)$ !(t)

-
(4.43)

It is important to note that the instantaneous velocity as calculated here, represents the
average displacement of a cell within a chosen time interval -= n!t, which can be a
multiple of the time between two recorded frames !t in our migration experiment. As
can be seen in figure 4.23b and figure 4.23c, for a bigger - more information is lost
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(a) (b)

(c) (d)

Fig. 4.23: Schematic presentation of calculating cell velocity and displacement: (a)
sample trajectory with cell centroid position for six time intervals of uniform duration,
taken from time-lapse microscopy, blue arrow indicates the instantaneous velocity ! at
t=1. (b)+(c) instantaneous velocity calculated for two different time lags: - = 10 s and
- = 20 s (d) displacement vector for the dispersion of the cell with respect to the starting
point of the trajectory at t=0.

about the erratic cell trajectory and its stochastic component. For small - on the other
hand, measurement noise from image processing can lead to sudden jumps in the cell
centroid position and the calculated averages becomes unreliable.

If the time-lapse is short, precision is low on differences, hence on computed velocities
yet for longer time-lapses, the time-resolution of the motion is low. Unless stated oth-
erwise, motility data was always calculated for -=10 seconds (see Section 4.7 for the
influence of - on motility statistics).

4.6.2 Displacement and Propagation angle

The displacement is calculated with respect to the starting point of each individual cell
trajectory (figure 4.23(c)d):

d(t) = r(t)$ r(0) (4.44)
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To check for isotropy in the chemoattractant free migration and to analyze the bias
towards the direction of the stimulus in the gradient experiment we calculated the prop-
agation angle $ * [0$, 360$] of each timestep with respect to the x-axis pointing in the
direction of the flow (figure 4.24). Using the dot-product one gets

$ = arccos

"
)(t) · ex

|)||ex|

#
. (4.45)

Propagation angles of $ = 90$ and $ = 270$ corresponds to a cell which is taking a
step towards or away from the gradient direction, while a cell with $ = 0$ is walking in
the direction of the flow.

Fig. 4.24: Definition of the propagation angle: for each step in a cell trajectory, the
direction of propagation $ * [0$, 360$] with respect to the x-axis is calculated.

4.6.3 Cell Area and Polarization

Together with every cells position, we stored the total area A, which is covered by the
two-dimensional projection of the cell and the polarization p at any given time during
the experiment. As a measurement for p, the degree of elongation of the cell, we took
the ratio of the two principal axes of the area moment of inertia.

The moment of inertia tensor is defined by

% =

!

V

1(x, y, z)

*

+,
y2 + z2 $xy $xz

$xy z2 + x2 $yz

$xz $yz x2 + y2

-

./ dxdydz (4.46)
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which in the discrete case of our binary, two dimensional cell image, where the contri-
bution of every pixel is equal 1i=1 becomes

% =
N(

i

0
y2 $xy

$xy x2

1
. (4.47)

(a) (b)

Fig. 4.25: Polarization: for an elongated (a) and relatively round cell (b), the principal
axis of inertia are plotted (red and blue line). The length of the line corresponds to the
moment of inertia with respect to the other axis and vice versa (arbitrary units). By
calculating the ratio between the bigger and the smaller value, we get an estimate of
the cells polarization. The angle & * [0$, 180$] between the axis with the lowest inertia
(red dotted line) and the x-Axis is the orientation angle.

Since % is real and symmetric it can be diagonalized

% =

0
%1 0

0 %2

1
, (4.48)

by calculating the eigenvalues of (4.47), where the constants %1 and %2 denote the
principal moments of inertia with respect to the principal axis e1, e2.

Polarization p is then measured as the ratio between the largest and the smallest value
of the two principal moments:

p =
max {%1, %2}
min {%1, %2}

(4.49)

A value of p = 1 corresponds to a completely round cell with the shape of a circle. A
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very elongated cell with the shape of a two-dimensional ellipsoid would have values of
p > 1.

To estimate the cells spatial orientation within the channel, we furthermore defined the
orientation angle, & * [0$180$], as the angle between the principal axis, corresponding
to the lowest moment of inertia, and the x-axis pointing in direction of the flow (figure
4.25).

4.6.4 Velocity Autocorrelation Function (VACF)

To measure how a cells velocity ! at time t influences the velocity at time t + - , we
calculated the velocity autocorrelation function (VACF),

"(-) = %!(t) · !(t + -)& = lim
T&'

1

T

! T

0

!(t) · !(t + -)dt. (4.50)

In practice, for the discrete time steps of our data, given the two velocity components for
each cell track of length N as the sequences {)x, i}i=0N!1 and {)y, i}i=0N!1, the values
for the VACF were calculated as

C(m) = Cxx(m) + Cyy(m) =

)N!m!1
i=0 )x,i+m)x,i

N $ |m| +

)N!m!1
i=0 )y,i+m)y,i

N $ |m| . (4.51)

The value for each time lag time m is divided by the number of elements in the sum. All
VACF’s were normalized to one for m = 0.
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4.7 Influence of Parameter Choice on Motility Statistics

Since we are calculating velocities and accelerations as finite differences between the
cell center in two respectively three subsequent frames (see equation 4.42 and 4.43), it
is important to choose an appropriate time lag - for these positions:

If the time lag is very short, we are not tracking random components of the erratic cell
movement but discretization noise from the CCD process and from the image segmen-
tation. For a higher time lag, the accuracy on calculated velocities increases but the
time resolution is poor. We miss the stochastic components of the cells movement.

This aspect is illustrated in figure 4.26, where two sample trajectories of a single cell are
shown, that have been both calculated from from time-lapse recordings. The migration
has been imaged every !t = 10 s.
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Fig. 4.26: Cell Trajectory (blue line) calculated for different time lags - : (left) with the
highest possible time resolution - =10 s, the difference between two subsequent po-
sitions is low, the error on calculated velocities high (right) with - =60 s, accuracy is
higher. However erratic parts of the stochastic movement of the cell are neglected.

The left side shows the trajectory with the highest possible time resolution - = 10 s,
the traveling distance of a cell is very short between two points. On the right, with - =
60 s, the trajectory still catches the overall migration path of the cell, but some periods
of random tumbling or possible deviations due to a noisy data acquisition are averaged
out. The cell movement appears more ballistic and less diffusive.

Figure 4.27a shows the averaged motility statistics, the velocity in x-direction )x, the
chemotactic velocity in gradient direction )y, as well as the total motility ) and how they
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evolve when being computed with different lag times. The data is taken from a typical
migration experiment in a linear gradient of cAMP and quantities are calculated for the
ensemble of all cell trajectories during the first hour of the experiment.
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Fig. 4.27: Motility statistics for a cell ensemble in a linear gradient as a function of the
lag time - : (a) average quantities for all velocity components are insensitive for 10 s
< - < 300 s within an error range of ± 10 % (b) with increasing lag time, the standard
deviation + for the ensemble of calculated velocities decreases. The drop in + from
- =10 s to - = 20 s most probably corresponds to uncorrelated measurement noise.
The standard deviation continues to decrease for - > 20 s, because stochastic parts of
the cell movement are averaged out.

Within ± 10 %, all three measures are independent of the time lag - . The standard
deviation for the three measure are plotted in figure 4.27b. We see a drop due to
measurement noise at the beginning as one goes from - = 10 s to - = 20 s. The
standard deviation decreases for even higher values, reaching a plateau around - =
3 minutes. As one can see in figure 4.29, 4.29 and 4.30 the histograms for the three
velocity components did not change qualitatively for different - .

Unless mentioned otherwise we chose a lag time of

- = 20 s (4.52)

to calculate the velocity from our cell trajectories. With this we exclude most of our
measurement noise at - = 10 s and are still able to analyze the stochastic contributions
during cell migration.
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Fig. 4.28: Histograms for the chemotactic velocity of a given cell ensemble: different
time lags - , have been used to calculate the cell velocity from finite differences in posi-
tion.
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Fig. 4.29: Histograms for velocity in x-direction of a given cell ensemble: different time
lags - , have been used to calculate the cell velocity from finite differences in position.
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Fig. 4.30: Histograms for the total motility of a given cell population during a typical
chemotaxis experiment: different time lags - , have been used to calculate the cell
velocity from finite differences in position.





Chapter 5

Results

5.1 Directional Migration of AX-3 Wildtype

5.1.1 Checking the Gradient Profile

To expose cells to varying concentration gradients of cAMP, we used the microfluidic
gradient mixer under the experimental conditions described in section 4.3. By flowing
5 µL of 10 mM fluorescein into one of the two inlets, we could check the stability of
the gradient after each experiment. In figure 5.1 we show the profile of a fluorescence
image at one of the three visiting points, used for time-lapse recordings.

Within the channel the gradient of fluorescein is proportional to the mixing cAMP con-
centrations. It is linear over a width of 350 µm. All cell movement outside of of this
region of interest (ROI) was excluded from statistics to avoid boundary effects.

5.1.2 Migration Response as a Function of Time

Figure 5.2 shows the average motility over all cells as a function of time, measured
from the beginning of the migration experiment. Statistics for the average velocity in the
flow and gradient directions )̄x, )̄y, as well as for the total motility )̄ are calculated for
subsequent time intervals of !T = 5 min. In the given example we chose a gradient
of !c = 0.15 nM/µm, where the cells showed a strong directional response (compare
Section 5.1.3). Depending on the initial cell distribution across the ROI, the averaged
quantities are biased since fast cells are tracked for a shorter time and leave the region
of interest.
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Fig. 5.1: Profile of fluorescein intensity perpendicular to the flow direction: the gradient
mixer creates a linear concentration profile over a width of approximately 350 µm (blue
line fit). To exclude boundary effects, all cell trajectories outside the region of interest
(ROI, red lines) were discarded. A fluorescent image of the channel is shown in figure
4.12.

In figure 5.2 we are therefore only looking at the average statistics for the upper third of
our region of interest.

After a transition time of approximately five minutes, the chemotactic velocity and the
motility is relatively constant and remains stable for one hour (yellow marked region),
while the cells are migrating in gradient direction. After 1.5 hours fast cells have left the
region of interest, where the gradient is linear. The number of cells in the ROI decreases
(figure 5.2, right plot). Statistics are biased, because only very slow or completely
immotile cells remain in the area of observation. To evaluate chemotaxis as a function
of gradient strength, only cell trajectories from 5 minutes to 65 minutes were used in
the following analysis.
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Fig. 5.2: Average cell velocities as a function of time for a gradient of!c = 0.15 nM/µm:
for subsequent time intervals of !T= 5 min, the chemotactic velocity )y (cell movement
in gradient direction), the velocity in x-direction )x and the total motility ) are calculated
by averaging over all cells, which are located in the upper third of the region of interest
(left picture). Both the total motility as well as the chemotactic velocity increase during
the first 15 minutes, while the x-component remains random with an average at zero.
The chemotactic velocity decreases after reaching this peak while the total motility re-
mains constant until approximately 80 minutes after the start of the experiment. For
longer times, most of the fast cells moved out of the ROI, the number of cells N de-
creases (right picture). For motility statistics only data ranging from t = 5 min to t = 65
min was used (yellow frame).

5.1.3 Threshold for AX3-Wildtype Chemotaxis

The plot in figure 5.3 shows the motility statistics for AX3 Chemotaxis averaged over all
cells during the first hour of the experiment as a function of the gradient magnitude !c.
This corresponds to directional migration of aggregation competent cells between the
fifth and sixth hour of the development cycle.

Trajectories with an average motility v̄ < 1µm/min and a displacement |d(t)| < 10µm, for
t = 10 min, were neglected to exclude dead or immobile cells from statistics. The error
bars indicate the range of average velocities, obtained by the three different observation
points in the microchannel during a single experiment.

Above a lower threshold of !cdown # 10!3nM/µm cells started to show a directional
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Fig. 5.3: AX3-Chemotaxis as a function of gradient steepness !c: above a threshold
at !c # 10!3 nM/µm cells show a positive average velocity in gradient direction (vy)
as well as an increased total motility v, while the perpendicular velocity component in
flow direction (vx) remains random and averages to zero within errorbars. For gradients
ranging over two orders of magnitude, 10!2 nM/µm " !c " 1nM/ µm, the chemotactic
speed is constant.

response and increased their average velocity in the gradient direction v̄y (chemotactic
velocity) as well as their motility v̄. Within a plateau, ranging from 10!2 nM/µm " !c "
1nM/ µm over two orders of magnitude, the chemotactic velocity is almost constant. For
gradients above!c = 1 nM/µm the directionality of migration decreased. Exceeding an
upper threshold of !cup # 102 nM/µm, the cell motion became isotropic again. Within
the plateau regime, the x-component of velocity )̄x, pointing parallel to the flow, showed
no preferred direction. Occasionally it would not average to zero but show a small bias
towards or against the flow direction.

This is surprising, since our careful analysis in Section 4.2.3 has shown that with our
flow speeds we are far below the regime, where mechanotactic effects have been ob-
served in Dd. The authors of [22] however conducted their experiments with vegetative
cells. We suggest that in the presence of a chemoattractant also the mechanosensitivity
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of Dd increases.

It is important to note, that all gradients have been established by mixing a phosphate
buffer solution at one inlet, cmin = 0, together with a solution of cAMP and phosphate
buffer cmax on the opposing inlet. Therefore the gradient

!c =
cmax $ cmin

L
=

!c

L
(5.1)

always ranges from zero to this maximum concentration, with L=350 µm for the width of
the observation area.

Chemotactic response and receptor occupancy

An explanation for the two thresholds, which confine the directional regime, has been
proposed in reference [81].

The ligand binding and unbinding processes on the cell membrane receptors, sensing
the signal of chemoattractant, are limited by reaction and can described by

R + c
kon$!"$
koff

R" (5.2)

where c is the concentration of cAMP, kon and koff are the binding and unbinding rate
constants and R (respectively R") denote the concentrations of unbound and bound
receptors.

Assuming chemical equilibrium ($R
$t = $R"

$t = 0) and introducing the fraction of occupied
receptors ' leads to

konc(1$ ')$ koff' =0 . (5.3)

With the dissociation constant Kd = koff
kon

this becomes

' =
c

c + Kd
. (5.4)

Considering a number of N = 25000 receptors, assumed to be uniformly distributed on
the upper and lower half of the cell membrane, and with a value of Kd # 100 nM [25], we
can estimate how the gradient results in a difference in occupied receptor occupancy
between the front and back of a cell [81].
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Below the onset !cdown the absolute difference is on the order of a single receptor. Due
to a low midpoint concentration, too few molecules hit the cell so that it is unable to
distinguish between different concentrations at the front and back. The cells show no
directionality. With a further increasing gradient, the absolute difference in occupied re-
ceptors rises. The cell can now better monitor the incoming signal and the chemotactic
velocity increases. Above the upper threshold value !cup, the receptors are saturating,
the absolute difference between front and back drops dramatically and the cells loose
directionality.

Motility Statistics

All recorded cell trajectories, retrieved from a single observation point are shown as an
overlay plot for two different experiments, one with a uniform concentration of phosphate
buffer, the other one with a steep gradient of cAMP, !c = 0.15nM/µm (figure 5.4).
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Fig. 5.4: Cell trajectories in phosphate buffer (red) and a gradient of cAMP pointing in
y-direction (blue) (!c=0.15 nM/µm )

For the random case, the probability for a cell to propagate into a particular direction with
an angle $ (Section 4.6.2), measured with reference to the positive x-axis, is uniform
(figure 5.5).

Furthermore, as shown in figure 5.6, the velocity of the cell is independent from its
orientation in the channel and we can thus state that the observed migration is invariant
under rotation and translation. For the directional case, cell motion is biased towards
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Fig. 5.5: Histograms of the propagation angle distributions for a PB solution (left) and a
gradient of cAMP (!c = 0.15 nM/µm)

the gradient, pointing upwards with $ = 90$. Comparing the right plots in figure 5.5 and
figure 5.6 one can see that in a gradient , the cells are not only more likely to take a
step in the gradient direction but also have a higher velocity when they go in the gradient
direction.

In the absence of a gradient, the experimental velocity PDF for both )x and )y is peaked
at zero. The tails are significantly wider, the distribution is non-Gaussian (figure 5.7).
For the chemotactic velocity )y in the gradient, the peak of the distribution remains at
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Fig. 5.6: Average velocity as a function of the propagation angle, calculated for intervals
of !$ = 10$. For a PB solution (left) and a gradient of cAMP (!c = 0.15 nM/µm) (right).
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zero but the PDF is positively skewed (figure 5.8). Especially slower cells seem to turn
in the gradient direction and contribute to the huge, asymmetric bump.
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Fig. 5.7: PDF for vx and vy in a PB solution. For both components, the distribution has
an average at zero and is non-Gaussian with significantly wider tails (black line shows
Gaussian fit).
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Fig. 5.8: PDF for vx and vy in a gradient of cAMP (!c = 0.15 nM/µm): the distribution
for the velocity in x-direction is less peaked then in presence of phosphate buffer (figure
5.7). For the velocity component in gradient direction )y, the histogram is skewed and
the average is non-zero. The cells are following the directional stimulus.
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5.2 Chemotactic Accuracy

In section 5.1.3 we discussed the directed migration of a cell population in response to
gradients of chemoattractant with varying steepness !c. However it is subject to ongo-
ing discussion [39,81,91] whether the actual gradient!c, the average concentration the
cell experiences at its midpoint c, the relative gradient (!c/c), or a combination thereof
determines the chemotactic velocity )̄y or the precision of the chemotactic movement,
commonly measured by the chemotactic efficiency

CE =
)̄y

)̄
. (5.5)

Since the microfluidic device used in Section 5.1.3 generates linear gradients between
the two inlet concentrations cmax and cmin, the average background concentration a cell
experiences while crawling up during its chemotactic movement constantly increases.

Bin 1 

Bin 2 

Bin 3 

Fig. 5.9: Binning of cell trajectory data: using the microfluidic gradient mixer, a linear
concentration profile of cAMP is established between the two inlet concentrations cmin

and cmax. While the cells crawl up the gradient (pointing to the top) they experience an
increasing background concentration. Motility statistics are therefore evaluated sepa-
rately for three different bins across the y-axis. While the concentration gradient remains
constant (here: !c = 0.30 nM/µm), each bin represents migration data of cells being
exposed to a different average midpoint concentration (here: c # 17 nM, 50 nM, 83nM).

Comparing top and bottom of our region of interest, being 350 µm in width, a cell
located at the upper border during the first hour of the experiment experiences the
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same gradient !c but a midpoint concentration c which is more then four times bigger,
then the one that a cell sees at the lower border of the ROI.

We therefore decided to bin our data along the y-axis perpendicular to the flow into
three different subregions of equal size (figure 5.9). All motility statistics )̄x, )̄y and
)̄ were then calculated separately for each bin, giving us for every experiment an en-
semble and time average over cells migrating in the same gradient with an average
midpoint concentration higher (Bin1), approximately equal (Bin2) or lower (Bin3) then
the average background in the middle of the channel c̄ = (cmax + cmin)/2.

0.0000 0.0003 0.0030 0.0100 0.0300 0.1000 0.3000 1.0000 3.0000 30.000
!3

!2

!1

0

1

2

3

Gradient !c [nM/µm]

v
e

lo
c
it
y
 "

x
 [
µ

m
 m

in
!

1
]

 

 

Bin 3

Bin 2

Bin 1

Fig. 5.10: Average velocity )̄x in flow direction as a function of the gradient steepness
evaluated separately for three different areas, subdividing the region of interest along
the y-axis (figure 5.9). Bin1 corresponds to the area, where cells experience the highest
midpoint concentration, Bin3 to the lowest average midpoint concentration.

In figure 5.10 and 5.11 the velocity in flow direction and the chemotactic velocity are
plotted versus the same range of gradients used in section 5.1.3. The three bars at each
gradient value correspond to the three different bins with increasing average midpoint
concentration going from left to right.

The random component )̄x shows no distinct tendency. The chemotactic velocity com-
ponent however undergoes a transition. For shallow gradients, right after the onset of
chemotaxis !c = 0.003 nM µm, )̄y increases as the background concentration rises.
This effect reverses for steep gradients !c > 0.3 nM/µm. With higher concentrations
the cell’s directionality towards the gradient is inhibited.
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Fig. 5.11: Average chemotactic velocity )̄y as a function of gradient steepness evalu-
ated separately for three different areas, subdividing the region of interest (figure 5.9).
Bin 1 corresponds to the area, with the highest, Bin 3 to the one with the lowest aver-
age midpoint concentration experienced by the cell. For shallow gradients shortly after
the onset of chemotaxis at !c = 0.003 nM/ µm, the chemotactic velocity increases
with a raise in the average midpoint concentration. This effect seems to reverse for
steep gradients above !c=1 nM/µm, where )̄y decreases slightly in higher concentra-
tion backgrounds.

Over the entire range of gradients, the total motility of the cell ) always increases with
an increasing midpoint concentration, as can be seen in figure 5.12.

To summarize the data for )̄y and )̄ in one plot, we used the chemotactic efficiency CE
defined above as the dependent variable (figure 5.13).

Chemotaxis is most accurate for a gradient of !c= 0.1 nM/µm and within a range of an
average midpoint concentration of c̄ # 25 nM. This value lies within the same order of
magnitude as a prediction by Rappel et al. [74] , that expected an optimum of chemo-
taxis for a background concentration of c", satisfying c"/KD = 0.7, with Kd # 100 nM for
the dissociation constant of receptor reactions.
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Fig. 5.12: Average cell motility )̄ as a function of the gradient steepness, evaluated
separately for three different areas according to figure 5.9. Bin1 corresponds to the
statistics for a higher, Bin3 for a relatively lower average midpoint concentration expe-
rienced by the cells. Throughout the chemotactic regime from !c= 0.0003 nM/µm to
!c=3 nM/µm, the average motility of the cells increases while crawling up into areas of
higher background concentrations.
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Fig. 5.13: Chemotactic Efficiency (CE=)̄y/)̄) as a function of the gradient magnitude for
bins of different average midpoint concentration. For shallow gradients, the accuracy
of chemotaxis increases with increasing midpoint concentration. Above the plateau
of chemotaxis, near steep gradients, the cells loose directionality in areas of higher
background concentration. The chemotactic efficiency decreases.
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5.3 Modeling Directional Migration

To find a model for the directional migration of chemotactic cells we used a phenomeno-
logical approach inspired by the work of Selmeczi et al. on random cell movement [79].
The dynamics of D. discoideum can be expressed by a generalized Langevin-equation

d!

dt
= h(!) + R(!)!(t) (5.6)

assuming that the motion can be separated into a deterministic h(!) and stochastic
part R(!)!(t). The later contains normalized noise !(t), satisfying

%(i(t)& = 0 and %(i(t) (j(t
#)& = (i,j((t$ t#). (5.7)

where (i denotes the i-th component of !.

In the case of a gradient, the movement is no longer isotropic and the two parts on the
r.h.s. will depend not only on the velocity but also on the cell’s propagation angle $

inside the channel. We therefore move into the coordinate system of the cell

"
d)

dt

#

(
= h((v, $) + R((v, $) · ((t) (5.8)

"
d)

dt

#

)
= h)(v, $) + R)(v, $) · ((t) (5.9)

and look at the parallel and perpendicular acceleration with respect to the cells current
direction of motion.

To determine the deterministic and stochastic contributions of (5.8) and (5.9) we binned
the data from our experimental cell trajectories and looked at the cell’s parallel and
perpendicular acceleration at a given speed )0 and a given propagation angle in space
$0 (see figure 5.14):

h((v0, $0) =
2
a(t) · e((t)

3444
|!(t)|,"(t)*%0,"0

(5.10)

h)(v0, $0) =
2
a(t) · e)(t)

3444
|!(t)|,"(t)*%0,"0

(5.11)

The speed ) was binned into intervals of !) = 1.5µm min!1, while the data was aver-
aged over angle bins of !$ = 20$.
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Fig. 5.14: Conditional Averaging: for a given velocity ! and orientation ", the average
parallel a! and perpendicular acceleration a"is calculated.

To obtain the amplitude of the stochastic part R( and R), we subtracted the mean
acceleration and looked at the standard deviation of the acceleration, scattering around
this mean for a given velocity and orientation.

R((v0, $0) =

52 6
a(t) · e((t)$ h(()0, $0)

72
3444

|!(t)|,"(t)*%0,"0

· !t (5.12)

R)(v0, $0) =

52
(a(t) · e)(t)$ h)()0, $0))

2
3444

|!(t)|,"(t)*%0,"0

· !t (5.13)

5.3.1 Deterministic Part

The two scatterplots in figure 5.15 show the parallel and perpendicular acceleration of
a cell propagating with a given orientation (here 0$ < $ < 20$) for a gradient of !c =

0.15 nM/µm.

While the perpendicular component of the deterministic part shows values fluctuating
around a mean of zero, the parallel component (left plot) indicated a clear velocity
dependence.
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Fig. 5.15: Parallel and Perpendicular Acceleration as a function of velocity for a given
interval of propagation angle (here 0$ < $ < 20$).

Parallel Acceleration

If we apply the conditional averaging according to equation 5.10 we see a nonlinear
decay for the parallel component together with a slight offset at ) = 0, which can be fit
by a quadratic function

h( = C $ %)2 (5.14)
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Fig. 5.16: Parallel Acceleration as a function of a cells velocity for a given bin of propa-
gation angles $ (here 0$ < $ < 20$). The propagation angle is defined as the counter-
clockwise angle with the x-axis.
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together with a constant C (figure 5.16).

We found that for different orientations in the channel, the onset C of acceleration varies
while % remains constant within the error bars of the fit (see figure 5.17).
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Fig. 5.17: Parallel acceleration as a function of a cells velocities for three different bins
of propagation angles $. For cells walking in the gradient direction $ = 90$, the ac-
celeration has a positive offset for ) = 0, which becomes negative for the opposing
direction $ = 270$.

A plot of the onset C as a function of all propagation angles $ shows that the constant
acceleration for zero-velocity is positive for angles pointing up the channel and is peaked
around $ = 90$, the direction of the gradient. For motion away from the gradient ($ =
270 $) this onset is negative (figure 5.18).

With the fit

C($) = C sin $ (5.15)

we get the description for the deterministic part of our first Langevin equation for the
parallel component

h((), $) = C sin $$ %)2. (5.16)

Perpendicular Acceleration

Binning of the data from the scatterplot (figure 5.15, right) and averaging the perpen-
dicular acceleration of a cell for a given speed and propagation angle (equation 5.13),
is shown in figure 5.19.
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Fig. 5.18: Acceleration onset C for the parallel component as a function of the propa-
gation angle $ together with a sine fit C($) = C sin $, C = 1
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Fig. 5.19: Perpendicular acceleration as a function of a cells velocity for a given bin of
propagation angles $ (here 0$ < $ < 20$). The propagation angle is defined as the
counterclockwise angle with the x-axis pointing in flow direction.

Apart from fluctuations that grow with increasing velocity, the perpendicular component,
can be well fitted by a constant. In figure 5.20 we show a) for three different propagation
angles $. For cells crawling in flow direction ($ = 10$) the value is positive, which
corresponds to a perpendicular force that pushes the cell towards the gradient direction
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($ = 90$). While the component vanishes for a cell already propagating in this direction,
at $ = 170$ the constant fit changes sign (figure 5.20). According to our sign convention
(figure 5.19 right), this corresponds to an acceleration initiating a turn to the right in the
inertial system of the cell. It is again pushed in the direction of the chemotactic stimulus.

The result of the constant fit for each direction of propagation is shown in figure 5.21
and can be fit by a cosine function, giving us the perpendicular component of the de-
terministic part

h)($) = K · cos $. (5.17)

5.3.2 Stochastic Part

The contributions of the stochastic part to the equation of motion were evaluated ac-
cording to equation 5.12 and 5.13.

For the parallel component the results for two different angles of orientation are shown
in figure 5.22.

Apart from a constant offset, which is independent of the propagation angle (figure
5.23) the magnitude of the fluctuations increases with velocity.

The noise is multiplicative, and grows linear with ), which can be fit by a first order
polynomial
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Fig. 5.20: Perpendicular acceleration as a function of a cells velocity for three different
bins of propagation angles $ together with a constant fit. The constant changes sign
at $ = 90$. Independent of velocity, the constant offset pushes the cell in the gradient
direction $ = 90$.
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Fig. 5.22: Stochastic Part: deviation for the parallel acceleration component vs cell
motility as an estimate of the noise magnitude R(.

R( = #1 + $1v. (5.18)

For the perpendicular component, analogously we find a linear increase with velocity
and a constant offset (figure 5.24) again independent of the direction of motion (figure
5.25).
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Fig. 5.23: Stochastic part: onset noise R(() = 0) of the parallel acceleration as a
function of the propagation angle $. The constant #1 is retrieved from a linear fit to the
data of each angle bin according to equation (5.18).
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Fig. 5.24: Stochastic Part: deviation for the perpendicular acceleration component vs
cell speed as an estimate of the noise magnitude R).

The function with two parameters reads

R) = #2 + $2v. (5.19)
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Fig. 5.25: Stochastic Part: Onset Noise R)() = 0) on the perpendicular acceleration
as a function of the propagation angel $. The constant #2 is retrieved from a linear fit
to the data of each angle bin according to equation (5.19).

5.3.3 Langevin Equation for Directional Migration

From the conditional averaging procedure we finally get the complete description in
form of a Langevin equation for AX3-Wildtype cells, moving in a gradient of cAMP:

"
d!

dt

#

(
= C sin $$ %v2 + (#1 + $1v) · (((t) (5.20)

"
d!

dt

#

)
= K cos $ + (#2 + $2v) · ()(t) (5.21)

The left term on the r.h.s. shows the deterministic part with a nonlinear damping and a
positive offset which is peaked in the gradient direction at $ = 90$. The deterministic
part of the perpendicular acceleration is independent of the cell’s velocity and pushes
the cell in gradient direction.

For the stochastic part (second term on the r.h.s) we found that, unlike for a walker in
an Ornstein-Uhlenbeck process, the intrinsic noise or fluctuations increase with velocity.
However they are independent from the direction in which the cell is propagating.
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The onset noise at ) = 0, determined by a linear fit, has a comparable magnitude for
the parallel and perpendicular component, so that one could set

#1 = #2 = # (5.22)

for simplification. As we will show in section 5.3.5 our simulation results did not change,
when we used only this single parameter for the random kicks at zero-velocity in both
the parallel and perpendicular direction.

5.3.4 Varying Gradient Steepness

Next, let’s look at how to apply our model to the motility statistics of cells exposed
to gradients of varying steepness. We used the data from section 5.1.3 where the
chemotactic motility as well as the degree of skewness in the velocity PDF changes as
the experiments are done within the chemotactic regime or close to the lower or upper
threshold, where the spatial signal is to weak or obscured by oversaturating receptors.

As shown in Section 5.3.3 the deterministic part of the parallel acceleration can be
described by

h((), $) =
2 "

d!

dt

#

(

3
= A sin $$ %v2 (5.23)

In figure 5.26, the constant A, determining the onset acceleration for a cell with velocity
) = 0, and the corresponding sine fit is plotted for different gradients with equation 5.23
becoming

h((0, $) = A · sin $. (5.24)

Starting from gradients within the plateau of chemotaxis (!c = 0.15 $ 0.30 nM/µm),
where the cells show a strong directionality, the curve flattens for shallow and very
steep gradients (!c = 0.01 nM/µm and !c = 3 nM/µm), where the signal is too weak or
obscured by the noise of oversaturating receptors. In case of a uniform concentration,
made either of cAMP or phosphate buffer, the parallel acceleration offset becomes zero
for all angles, the curve is almost a straight line at zero (plotted in green).

For the perpendicular component
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Fig. 5.26: Fitting results of the onset in the parallel acceleration a( as a function of
the orientation angle $ for gradients of varying magnitude. In the regime of optimal
chemotaxis (!c = 0.15$ 0.30 nM/µm) the factor C in the sinusoidal fit is biggest.

a)($) =
2 "

d!

dt

#

)

3
= B · cos $ (5.25)

we observed a similar behavior.

With weak or too strong gradients, the impact of the perpendicular acceleration due to
the presence of cAMP decreases and all cells experience less strong pushes towards
the direction of the chemical stimulus $ = 90$ (see figure 5.27).

Comparing the amplitudes A and B of the sine and cosine functions that resulted from
the deterministic contributions (equation 5.23 and 5.25) for varying gradients, we found
that the presence of a gradient during chemotaxis can be interpreted as a potential,
which creates a constant force term F in the stochastic equation of motion.

This becomes obvious if we assume from our data analysis that

A # B. (5.26)

With



5.3. Modeling Directional Migration 83

0 50 100 150 200 250 300 350
!1

!0.8

!0.6

!0.4

!0.2

0

0.2

0.4

0.6

0.8

1

uniform concentration

  !  "c= 0.30 nM/µm
  !  "c= 0.01 nM/µm
  !  "c= 1.50 nM/µm
  !  "c= 3.00 nM/µm

B
#c

o
s
$

 (
d
a
ta

fi
t)

Propagation Angle $

Fig. 5.27: Fitting results of the constant and velocity independent perpendicular accel-
eration a) as a function of the orientation angle $ for gradients of varying magnitude.
In the regime of optimal chemotaxis (!c = 0.15 $ 0.30 nM/µm) the factor B resulting
from the cosine fit is biggest.

ay(v, $) = a((v, $) sin $$ a)($) cos $ (5.27)

ax(v, $) = a((v, $) cos $ + a)($) sin $ (5.28)

we can then transform back into cartesian coordinates and get F = A = B:

"
d)y

dt

#
= F $ %))y + (#1 + $1v) · (y(t) (5.29)

"
d)x

dt

#
= $%))x + (#2 + $2v) · (x(t). (5.30)
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5.3.5 Simulations for directed migration1

With the full set of parameters, % for the the nonlinear damping constant, F for the onset
acceleration in the deterministic part and #, $1 and $2 for the stochastic fluctuations,
retrieved from a fit to the experimental data, we were able to perform simulations using
MATLAB 7.5 with a discretized version of equation 5.20 and 5.21.

Starting with an instantaneous velocity v0, that is randomly chosen from an interval
[0 - 10 µm min!1] and an arbitrary propagation angle $0 between zero and 360 $ the
deterministic parts for the parallel and perpendicular acceleration are calculated.

To simulate the multiplicative noise ( in the stochastic part, random numbers were taken
from a normal distribution with an average of zero and a standard deviation

+x =

5
1

!t
, (5.31)

where !t = 20 s is the time lag between two steps in the data taken from the experi-
mental recordings. The product of this factor and the additive terms R(()) and R)())

then give the full description of the stochastic part.

With

!v( = !t a( = !t(F sin $$ %v + (# + $1)) · (((t)) (5.32)

and

!v) = !t a) = !t(F cos $) + (# + $2)) · ()(t)) (5.33)

we finally get the evolution of a cell trajectory within a single time step. The data is
transformed back into cartesian coordinates and the procedure above is repeated for
the same number of steps n that was available by the experimental data.

If we compare the velocity PDF for the )x and )y component, corresponding to the direc-
tion of the flow, while the latter is pointing up the gradient in the direction of chemotaxis,
we find good agreement with the experimental data (figure 5.28).

Furthermore, not only the frequency for the propagation angle but also the increased
average speed of a cell, which is walking up the gradient is reproduced well (figure
5.29).

1this part has been done in collaboration with Gabriel Amselem and Albert Bae, who also contributed
equally to the statistical analysis in Section 5.3.
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Fig. 5.28: Experimental velocity PDF for the non-directional )x and directional com-
ponent )y (gray bar plot) in a gradient of !c = 0.15 nM/µm. The simulation results,
using parameters obtained by the method of conditional averaging are plotted in red
diamonds. The asymmetry (skewness) of the chemotactic PDF (right) is reproduced
well.
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Fig. 5.29: Distribution of propagation angle $ and average velocity for a given direction
of propagation taken from the experimental data (grey bar plot). Simulated data (red
diamonds) reproduces the angle histogram as well as the increased average speed,
peaked in gradient direction $ = 90$.
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5.3.6 Simulations for the Non-Directional Case

The histograms for the random migration during the first hour, shown on the left in
figure 5.1.3 and 5.1.3, have proven rotational symmetry. Therefore we again use a
phenomenological Langevin equation in polar coordinates with a generic deterministic
and stochastic part. Compared to (5.20) and (5.21) we can neglect the $-dependence
since there is no longer a preferred direction by an external stimulus:

"
d)

dt

#

(
= h(()) + R(())((t) (5.34)

"
d)

dt

#

)
= h)()) + R)())((t) (5.35)

In figure 5.30 the results from the conditional averaging for the deterministic and stochas-
tic part averaged over all all propagation angles are shown.

From fitting the quadratic function

h(()) = A$ %)2 (5.36)

and
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Fig. 5.30: Conditional Averaging for the Migration in a uniform phosphate buffer con-
centration: the left side shows the deterministic part with the parallel and perpendicular
acceleration component. The magnitude of the stochastic contribution is plotted on the
r.h.s.
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h)()) = B (5.37)

for the deterministic part and with the first order polynomials

R(()) = #1 + $2) (5.38)

R)()) = #2 + $2) (5.39)

for the magnitude of the stochastic contribution we got the parameters for our simula-
tion, listed in Table 5.1. Furthermore we found that the stochastic contributions for a
velocity around zero were equal for both the parallel and perpendicular acceleration, so
that we could simplify our model by using # = #1 = #2.

parameter value unit
A -0.5520 ± 0.6317 µm min!2

% -0.0274 ± 0.0017 min!1

B 0.1195 ± 0.1664 µm min!2

#1 2.8570 ± 0.5850 µm min!3/2

#2 2.8433 ± 0.3920 µm min!3/2

# 2.8502 ± 0.4885 µm min!3/2

$1 0.3117 ± 0.0570 min!1/2

$2 0.1541 ± 0.0382 min!1/2

Table 5.1: Fitting Results for the random migration together with 95 % confidence inter-
val. The onset noise for the parallel #1 and perpendicular component #2 is identical, so
we used # = (#1 + #2)/2.

With the parameters from Table 5.1 we could recover the experimental histograms for
the velocity components and angle histograms (figure 5.31). Random cell migration in
the absence of any directional cue can therefore be described by a Langevin equation
with nonlinear damping and multiplicative noise.

The comparison with experimental data, however, also points to some limits in our
description. While we catch well the wider tails of the non-Gaussian PDF’s for )x and
)y, both distributions from experiment show a higher peak around )x, )y = 0, although
we excluded immobile cells from our statistics (Section 5.1). This might be due to
the fact that cells temporally cease and resign their motion, switching from an active
to a passive state throughout the experiment. In [79] and [83] the authors included
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Fig. 5.31: Histograms obtained from experimental data for )x,)y and the total motility ).
In the absence of any directional cue, the motion is random as shown in the distribution
for the observed propagation angles $ (lower right). Simulation results with parameters
obtained from conditional averaging (Table 5.1)are plotted in red diamonds.

a memory term in their equation of motion. This was done by adding a convolution
over the past velocities to the deterministic part, which was weighted by an exponential
decay. A future goal would be to extend our model by a similar term and compare it
with the same dataset.
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5.4 Varying Single Cell Behavior

The motility statistics in Section 5.1.3 were obtained by averaging over an ensemble
of cell trajectories during the first hour of the gradient experiment. Apart from this, we
wanted to have a closer look on how the patterns of single cell trajectories differ from
each other within the observed population. If we were able to divide a given ensemble
into several subpopulations, the question would be of further interest if we could find
the same fractions of similarly behaving cells within a population that shows stronger or
weaker chemotaxis.

To characterize the trajectory of a single cell we used three measures: the average
motility )̄, the average chemotactic velocity )̄y and a factor %0, a time constant as an
estimate for how persistent or erratic the cell moves on the surface of the microchannel.
The factor %0 is calculated from a single exponential fit

" = e!&0t (5.40)

to the normalized velocity autocorrelation function (VACF) of the cell, taking into account
only the first five minutes of its decay. This exponential fit is not meant to describe the
full correlation in the cells velocity statistics nor is it derived from an analytic model.
Here it just serves as an estimate to quantify the directionality or randomness of a cell
track.
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Fig. 5.32: Sample Trajectory and VACF of a cell in PB-solution: the motion is random
and the autocorrelation function decays quickly like in a diffusive process. The decay
factor of a single exponential fit %0 is plotted.
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Fig. 5.33: Sample Trajectory and VACF of a cell in a gradient of cAMP (!c = 0.15

nM/µm): the motion is highly persistent and points in the direction of the gradient y.
The autocorrelation function (right picture) decays much slower then in figure 5.32 and
the resulting parameter %0 from a single exponential fit, corresponding to a decay factor,
is much smaller.

A typical trajectory, with a cell moving similarly to a diffusive particle is shown in figure
5.32. The more ballistic the cell moves, the lower is our value %0 for the exponential
decay of the corresponding VACF. The cell preserves its direction and speed over a
long period of time (figure 5.33). With %0 we thus measure the degree of persistence of
the cell trajectory.

5.4.1 Velocity, Chemotaxis and Persistence

In figure 5.34, the average velocity and persistence of each single cell is shown for
the ensemble of all cell trajectories in three different experiments. For migration in
phosphate buffer (left picture), many cell trajectories are erratic and their VACF decays
quickly. A broad range of points with a high value for %0 is scattered around the y-axis.
In a strong gradient (middle picture) the cells move faster, their motion is less diffusive
and instead shows a ballistic displacement. The VACF decays slowly and points scatter
around the x-axis for low values of %0. One can identify a group of very erratic and slowly
moving cells and a group of fast and persistent walkers. In a very strong gradient (right
picture), where membrane receptors saturate and the cells start to loose directionality,
the picture is comparable to the cell population in the phosphate buffer, though cell
motion is generally more persistent.

A similar correlation also holds for the relation between the average chemotactic velocity
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Fig. 5.34: Velocity-persistence scatterplot for three different experiments: each point
shows the decay factor %0 in the VACF and the average velocity )̄ obtained from a
single cell trajectory. Data is shown for migration in a phosphate buffer solution (left), in
response to a strong gradient (middle) and for the !c = 30 nM/µm, where the receptors
of the cells are oversaturating (right). During strong chemotaxis, the population can be
subdivided into very fast moving and persistent cells (small %0) and into relatively slow
cells that continue to show erratic movement (large %0).

and the persistence of a cell (figure 5.35). For the random case in phosphate buffer (left
plot), the points cluster around the x-axis with )̄y = 0 but a relatively high value of %0 #
4. Diffusive cell migration dominates. In very steep gradients (right plot) the motion is
random again but far more cells show a very persistent movement clustering around
%0 # 1. However the scattering around the x-axis is much bigger, a lot of cells are
constantly walking towards or away from the gradient with a high positive or negative
)̄y. In the regime of strong chemotaxis (center plot) almost all persistent walkers are as
well highly chemotactic.

In figure 5.36 the chemotactic velocity )y and the average motility ) of each cells tra-
jectory is shown for the same experiments as in the two previous plots. Compared to
the random case on the left, the picture in the center shows the majority of fast moving
cells reorienting towards the gradient direction, )y becomes positive and faster cells
also crawl up faster in the direction of the gradient. In the regime of oversaturating
receptors on the right picture, the cells lose directionality. As in figure 5.35 , the vari-
ance for the scattering around the x-axis is stronger then within for the phosphate buffer
experiment.
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Fig. 5.35: Persistence-chemotaxis scatterplot for three different experiments: each
point shows the the average chemotactic velocity )̄y and the decay factor %0 from an
exponential fit to the VACF of a single cell trajectory. In the absence of a gradient, )y

is zero for the ensemble average of all cells. The majority of the population clusters
around %0 # 4, their motion is diffusive. In a gradient (center) the cells become highly
persistent and move up the gradient with a positive )y. In the right picture, where recep-
tors are oversaturating, the average )y is zero again. However, more cells are polarized
then in the presence of phosphate buffer. The population clusters around %0 # 0.5.
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Fig. 5.36: Velocity-chemotactic velocity scatterplot for three different experiments : each
point corresponds to the average value )̄y and )̄ of a single cell trajectory. Compared
to the random case in the presence of phosphate buffer (left), the picture in the center,
for an experiment within the chemotactic regime shows the majority of fast moving
cells reorienting towards the gradient direction, )y becomes positive. For very steep
gradients above a certain threshold, the cells lose directionality (right). The variance of
the scattering around the x-axis however is stronger then within the phosphate buffer
experiment.
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5.4.2 Cell Polarization and Velocity

Apart from the chemotactic velocity )y, the motility ) and the persistence factor %0,
which we used to quantify the differences within the population, we furthermore looked
at polarization of the cell shape. Polarization p was defined in section 4.6.3 as the ratio
between the moments of inertia for the two principal axis, calculated from our binarized,
two dimensional images, and gave us a good estimate on the degree of elongation for
every single cell.

The degree of polarization in the system calculated as an ensemble average over all
cells is plotted in figure 5.38 as a function of time, for subsequent intervals of !T = 5

minutes. In the absence of a directional stimulus in a phosphate buffer solution (PB)
or in a very steep gradient that lead to saturating receptors (!c = 30 nM), the degree
of elongation remains relatively constant throughout the experiment but is generally
increased in the presence of cAMP. For cells in the plateau regime of chemotaxis (here:
!c = 0.15 nM/µm), showing strong directional migration, polarization increases at the
beginning of the experiment and reaches a peak at t=15 min. A high number of strongly
elongated shaped cells successfully orient their movement up the gradient.

As the experiment continues however, polarization decays monotonously and the cells
become more round. Like in Section 5.1.2 we restricted our analysis to cells located in
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Fig. 5.37: (a) DIC-microscopy image of migrating AX3-cells (b) binarized version after
image segmentation (Section4.4.2). Pointing away from the center of mass, the direc-
tions of the two principal axis of inertia are plotted for each cell. The length of the axis
lines is proportional to the moment of inertia calculated for the perpendicular axis (ar-
bitrary units). Polarization is defined as the ration between the largest and the smallest
moments of inertia.
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Fig. 5.38: Polarization of migrating cells as a function of time, calculated as an ensemble
average for subsequent time intervals of !T = 2.5 min: in PB (green), where migration
is random, cells are less elongated and their shape remains constant within the first
hour of the experiment. In the regime of saturating receptors (black), the polarization
is slightly higher but remains stable over time. Cells undergoing strong directional mi-
gration (blue) become highly polarized during the first 15 minutes of the experiment.
Afterwards their polarization decreases. After 90 minutes (red line), the majority of the
cells start to leave the ROI (see Section 5.1.2). Error bars are calculated from the range
of the mean values obtained from three different observation points.

the upper bin to avoid a possible bias due to polarized cells leaving the ROI first. Error
bars show the deviation between the three observation points in the microchannel.

As a supplement, we looked at the relation between the average motility of the cell
and its polarization in three different experiments (figure 5.39). In every case we found
a positive correlation between the two measures. More elongated cells moved faster.
Compared to the population of cells in the phosphate buffer solution (left picture), the
population in a strong gradient, where receptors saturate shows a higher amount of
polarized cells. Together with figure 5.35, we suggest that in the presence of a high
concentration of cAMP, even if directionality is lost, cells morph into a more elongated
shape and move with a higher persistence.



5.5. Migration of Cytoskeletal Mutants 95

0 5 10
0

5

10

15

20
PB

polarization p

m
o

ti
lit

y
 !

 [
µ

m
 m

in
!

1
]

0 5 10
0

5

10

15

20
"c=0.15 nM/µm

polarization p
m

o
ti
lit

y
 !

 [
µ

m
 m

in
!

1
]

0 5 10
0

5

10

15

20
"c=30 nM/µm

polarization p

m
o

ti
lit

y
 !

 [
µ

m
 m

in
!

1
]

Fig. 5.39: Average Motility of a single cell trajectory as a function of its polarization for
different gradients!c: in all three cases, more polarized cells move faster, in phosphate
buffer PB as well as in gradients of different magnitude (!c = 0.15 and 30 nM/µm). In
the middle picture, for cells undergoing strong directional motion, an increased number
of highly polarized and fast moving cells continues the linear relation between the two
measures.

5.5 Migration of Cytoskeletal Mutants

The statistical analysis of the AX-3 wildtype cells served as a reference to study the
chemotaxis of cytoskeletal mutants. Several proteins are knocked out, which play an
important role, either in the signal transduction pathway of directional sensing or in the
regulation of the actin-machinery itself.

In our studies we focused on the SCAR/PIR knockout mutant, a cell line that lacks the
SCAR/WASp (Wiscott-Aldrich Syndrome protein), a regulator of the Arp 2/3 complex,
which is a key player in the formation of a dense cortical actin network (see Section
3.3.2). Using confocal laser scanning microscopy, single cell experiments on those
mutants, labelled with the Lim-GFP protein, a marker for filamentous actin (F-Actin),
recently provided evidence for an oscillatory instability in the cortex (figure 5.40).

In a wildtype cell reacting to a single and uniform pulse of cAMP, the concentration of
filamentous actin (F-actin) transiently increases in the cell cortex. In the SCAR/PIR
null mutant, a similar F-actin enrichment occurs periodically even in the absence of a
stimulus (figure 5.41).

We believed that this cell autonomous oscillations must interfere with the synchro-
nized mechanism of actin-polymerization and myosin II contraction during the amoeboid
movement of Dd (Section 3.1 and Section 3.3.2). To investigate the expected defects
in random migration and chemotaxis we used the microfluidic gradient mixer under the
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Fig. 5.40: Self sustained oscillations in the SCAR/PIR mutant: confocal laser scanning
microscopy of Lim-GFP labelled mutant cells show a periodic translocation !T # 40 s
of filamentous actin between cytosol and cell cortex. (left) F-actin in the cell on the left
is uniformly distributed over the cytosol, while the cell on the right shows a translocation
to the membrane. (right) one period later, the fluorescent proteins of the left cell localize
to the cortex while translocation to the membrane continues in the right cell.

same experimental conditions (starving procedure, flow rate, gradient magnitude), that
were used for the wildtype cell line.

5.5.1 Threshold for SCAR/PIR Mutant Chemotaxis

Exposing SCAR/PIR mutants to the same range of gradients with varying magnitude,
we recovered the same thresholds for the onset and offset of chemotaxis (figure 5.42).

5.5.2 Comparison with the AX3-Wildtype

If we directly compare the overall motility statistics to the one of the wildtype cell line,
in both cases calculated an average over all the cells during the first hour of directional
migration, several differences come to eye (figure 5.43).

The basal motility in the random regime below the threshold of !c # 10!3 nM/µm is
significantly reduced for the SCAR/PIR mutants compared to the AX3-wildtype () #
4µm min!1 vs ) # 6µm min!1). This is also observed in the regime of oversaturating
receptors at very high gradients !c # 10 nM/µm where the cells lose directionality.
In shallow gradients, shortly after directed migration starts to occur, the chemotactic
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Fig. 5.41: Intensity of Lim-GFP protein in the cortex and in the cytosol of a SCAR/PIR
double null mutant (figure 5.40, left cell): with a period T of approximately 50 seconds,
the amount of F-actin oscillates in the cortex.

velocity of the mutant and wildtype cells are comparable (at !c # 10!3 nM/µm, )y =
0.83 µm min!1 for SCAR/PIR and )y = 0.89 µm min!1 for AX-3 WT). Within the plateau
between the two thresholds, where chemotaxis and total motility is highest for both cell
lines, the SCAR/PIR mutants however move slower up the concentration gradient. The
average chemotactic velocity )y is approximately 30 % lower then in regular wildtype
cells.

In summary, while the migration of our mutant cell line, lacking an important regulator
of actin-polymerization, is clearly affected in the random regime, the difference in motil-
ity chemotaxis is less obvious: directionality is maintained and only slightly inhibited.
These results suggest that during chemotaxis, several redundant pathways involved in
directional sensing as well as in the motility mechanism must play a role and ensure
the functionality of the mutant cell line.
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errorbars.
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Fig. 5.43: Chemotaxis of AX3-Wildtype cells (blue) and SCAR/PIR mutants (red) as a
function of gradient steepness. The mutant cell line shows a decreased basal motility
below and above the chemotactic regime. The chemotactic velocity )̄y is comparable at
shallow and very steep gradients, while within the plateau, it is, together with the total
motility )̄, reduced by a factor of # 30%.
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Conclusion and Outlook

We used the microfluidic gradient mixer to expose chemotactic Dictyostelium discoid-
eum soil amobae to linear, stable concentration profiles of chemattractant. The ob-
served directional migration in response to the gradient was recorded for 180 minutes,
starting 5.5 hours after starvation had begun (Section 5.1).

We performed experiments with gradients of varying strength, and evaluated the motility
statistics for cell trajectories during the first hour, since for longer times highly chemo-
tactic cells move out of the region of interest. This corresponds to a development time
from 5.5 to 6.5 hours (figure 5.3). Above a threshold of !c= 10!3 nM/µm, cells show a
directional response with increasing average chemotactic velocity )̄y and motility )̄ up to
a plateau, where these quantities remain constant over gradients varying two orders in
magnitude. For gradients above !c= 1 nM/µm, the chemotactic velocity )y decreases,
and above an upper limit of !c= 30 nM/µm, cell motion became random again.

Qualitatively, results are in good agreement with previous work [31,81] and confirm that
AX3-Wildtype chemotaxis mainly depends on the absolute and not the relative gradient
of cAMP. The observed plateau, where the chemotactic velocity is constant even though
the estimated absolute difference in occupied receptors on front and back going down
20 molecules (Section 5.1), falls in the same range of gradients. The absolute values
differ slightly. Although Song et al. present the same basal motility, our values for the
absolute speed as well as for the chemotactic velocity within the directional regime are
20% higher. This might be due to the fact that in [81], data recording started at 4 hours
into development, when the chemotactic receptors are not yet fully expressed [38].

There is no clear dependence of chemotaxis on gradient magnitude and midpoint con-
centration (Section 5.2). However in all experiments, we observed increasing motility
as the cells walk into areas with a higher background concentration (figure 5.12). The
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average chemotactic velocity )̄y exhibits two different behaviors (figure 5.11): (1) for
shallow gradients, )̄y increases with a higher midpoint concentration (2) in very steep
gradients a higher midpoint concentration inhibits the directionality of the cells, )̄y de-
creases while the cells are crawling up the gradient. Any tendency is obscured in the
plateau regime. However variations between the different observation points within a
single experiment are large, as indicated by the error bars. Above a basic concentration
within the plateau, the cells seem to adapt to their background and possible information
about the gradient and midpoint dependence is lost in our time averaged statistics.

Starting with existing models for the random case [58, 79, 83] we quantified the direc-
tional migration during chemotaxis by using a generalized Langevin equation, separat-
ing the dynamics of a cells movement into a deterministic and stochastic part (Section
5.3). Due to a reliable automated cell tracking method together with time lapse mi-
croscopy in combination with a mechanized table, substantial datasets were available
for gradients of varying magnitude so that we retrieved the describing functions for the
deterministic and stochastic contributions in polar coordinates by binning the trajectory
data according to a cells speed and angle of propagation.

The resulting Langevin equation in polar coordinates shows: (1) a nonlinear, intrinsic
damping that limits the cells velocity (2) multiplicative noise, most probably correspond-
ing to a higher frequency in random pseudopod projections for fast moving cells . For
the directional case, we observed a sinusoidal offset in the acceleration depending on
the cells orientation (figure 5.18). This indicates a constant force term in gradient di-
rection, whose magnitude varies with the gradient steepness (figure 5.26). With no
analytical solution given for the velocity PDF, due to the nonlinearity, we ran simulations
based on our model and recovered the skewed distribution for the chemotactic velocity
(figure 5.28).

Unfortunately parts of the data are not well described by the present model. As can
be seen in figure 5.18, the bias in gradient direction is not constant for cells that move
towards and directly away from the gradient. Wrong walkers, cells moving down the
gradient, experience a higher acceleration offset opposing their movement then cells
which are aligned towards the gradient. Our model does not describe this asymmetry.
Furthermore, although the tails of the PDF are well described, we don’t catch the peak
at )x,y # 0. Even though we discarded trajectories of slow moving cells from statistics,
some cells seem to undergo a transition from an active to a passive state, temporary
resigning their movement in the gradient. This partly causes our description to fail.
We believe that, especially for the random case (Section 5.3.6), one might solve this
problem by implementing an additional ’memory term’ of the past velocities into the
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equations of motion.

A closer look on behavior of single cells, revealed that most of the variation is contained
in a cells speed and the degree of persistence in its motion, which is correlated with the
polarization (Section 5.4). Especially in the presence of strong gradients one might be
able to separate the cells into two different subpopulations, the first group containing
highly persistent and highly polarized cells that walk relatively fast, and a second group
of cells with relatively slow and erratic movement.

In Section 5.5 we were surprised to find that the SCAR/PIR cell line, a mutant lacking
a key regulator in the formation of a dense actin network showed only small motility
defects when undergoing chemotaxis. While the basal motility in the absence of a
gradient is reduced by a factor of 50%, at the threshold for directed migration, observed
in the wild type reference, mutant cells are able to correctly sense the gradient and
respond at almost the same speed to the chemotactic stimulus. Since the observed
oscillations of F-Actin in the SCAR/PIR mutants (figure 5.41) are not reflected in the
statistics of single cell trajectories, we assume that during chemotaxis the dynamic
motility machinery is not solely composed of the mechanisms presented in the common
models on nucleating actin filaments driving motility [69]. Hydrostatic pressure or the
rearrangement of microtubuli might as well contribute to pseudopod extension leading
to the picture of a hybrid engine, that changes the balance between the different driving
forces as soon as the cell movement becomes directional.

In conclusion, microfluidics proved to be a useful tool to quantify the long term migra-
tion response of chemotactic cells to varying stimuli. In the opinion of the author, the
described method should be considered at the beginning of every investigation on eu-
karyotic chemotaxis, before elaborating more specialized experiments on the single cell
level.

However, much information about the chemotactic response is lost during the long term
migration experiments because it takes more then half a minute until the gradient profile
is built up by the gradient mixer throughout the main channel. In the meantime the cells
have already adapted to their background concentration.

A possible future experiment could combine the use of the microfluidic gradient mixer
with techniques for photo-uncaging using caged cAMP as described in [8], where the
binding site of the chemoattractant is blocked by an organic molecule. After generat-
ing a gradient of caged cAMP, which is maintained by the constant flow, the directional
stimulus could be switched on and off by illuminating with an uncaging source (UV-
Illuminator, Laser) further upstream. One could then evaluate the immediate response
of the population during the first five minutes of chemotaxis and compare the data for
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cells sitting at different points in the linear gradient with a varying midpoint concentra-
tion, preventing adaptation while the mixer is building up the gradient in the conventional
experiment. Furthermore this technique would allow us to gain data of chemotaxis in
response to periodic stimuli and on how long a cell remembers a directional signal that
has been removed.

An experiment that simultaneously investigates migration behavior and the intracellular
protein translocations would be especially useful and help us to understand how the
directional sensing mechanism and the driving ‘engine’ of the cell are connected. One
approach would be to automatically track one or several cells at high magnification
and for time scales comparable to the ones used in the gradient mixer experiments.
Using confocal fluorescence microscopy, possibly on several channels, we could then
record the assembly of labelled proteins (F-Actin, CRAC) as the cell changes shape,
reorientates and protrudes pseudopods. For example, one could compare the ratio of
filamentous actin at the front and back and look for possible correlations with speed
and polarization. In combination with an uncaging source, that is moving with the single
cell tracking stage, giving well defined stimuli, it would be of further interest how a slow
‘Car’-turn of the cell is preceded by intracellular reorganization of F-Actin.
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Appendix

A.1 Ornstein-Uhlenbeck Equation

Considering the one-dimensional case

m
dẋ

dt
= $%0ẋ + FR(t) (A.1)

we multiply by x and get

mx
dẋ

dt
= $%0xẋ + xFR(t) (A.2)

which we can rewrite with the product rule to

m

8
d

dt
(xẋ)$ ẋ2

9
= $%0xẋ + xFR(t). (A.3)

With the term

m
d

dt
(xẋ) = $%0xẋ + xFR(t) + mẋ2 (A.4)

and assuming that the system is in thermodynamic equilibrium we can take the ensem-
ble average

m% d

dt
(xẋ)& = $%0%xẋ&+ %xFR(t)&+ m%ẋ2&. (A.5)

The second term on the right hand side vanishes, since we are averaging over a random
force with mean value zero.
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Because of the equipartition theorem for translational energy stating

%Hkin& = % p2

2m
& = %1

2
mẋ2& =

f

2
kBT (A.6)

we get

m%ẋ2& = kBT (A.7)

for the third term, containing the velocity in one dimension (f=1).

The resulting first order differential equation

m
d

dt
%xẋ& = $%0%xẋ&+ kBT (A.8)

can be solved with

%xẋ& =
kBT

%0

6
1$ e!&t

7
(A.9)

where % = %0/m.

Noting that %xẋ& = 1
2

d
dt%x

2& we have to integrate one more time to finally retrieve Fuerths
formula for the square displacement of a persistent random walker

%x2& =
2kBT

%0

"
t$ 1

%

6
1$ e!&t

7#
. (A.10)

If t + %!1 while %!1 corresponding to our persistence time P , we can expand

e!&t = 1$ %t +
1

2
%2t.... (A.11)

and get

%x2& =
kBT

%0
%

1

P
t2. (A.12)

Within the persistence time, the squared displacement grows quadratic with time.

For t , %!1

e!&t - 0, (A.13)
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the displacement for times far above P becomes

%x2& =
kBT

%0
t (A.14)

and evolves linear in time, like for the diffusion described by Einstein. Equation A.10
and equation A.14 for higher dimensions can be derived analog to recover (3.5) and
(3.2).

A.2 Velocity Autocorrelation Function for the Ornstein-
Uhlenbeck Process

Furths formula is equivalent to an velocity autocorrelation function (VACF) with a single
exponential decay. This can be shown by integrating twice with respect to time, since

%d(t)2& =

! t

0

! t

0

%!(-)!(- #)&d-d- #. (A.15)

If we plug in the VACF (equation 3.9) one gets

%d(t)2& =
nD

P

! t

0

! t

0

e!|'!' #|/P d-d- #. (A.16)

We can split the integral by writing

%d(t)2& =
nD

P

! t

0

d- #
0! ' #

0

e!|'!' #|/P d- +

! t

' #
e!|'!' #|/P d-

1
(A.17)

and drop the absolute values

%d(t)2& =
nD

P

! t

0

d- #
0! ' #

0

e!(' #!')/P d- +

! t

' #
e!('!' #)/P d-

1
. (A.18)

With

%d(t)2& =
nD

P

! t

0

d- #
0
e!' #/P

! ' #

0

e'/P d- + e' #/P

! t

' #
e!'/P d-

1
(A.19)

we then get
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%d(t)2& =
nD

P

! t

0

d- #
:
e!' #/P P (e' #/P $ 1) + e' #/P ($P )(e!t/P $ e!' #/P )

;
(A.20)

after the first integration, which can be simplified to

%d(t)2& =
nD

P

! t

0

d- #
:
P $ Pe!' #/P $ Pe!t/P e' #/P + P

;
. (A.21)

The rest of the calculation is straightforward. After solving the second integral we have

%d(t)2& =
nD

P

6
2Pt + P 2(e!t/P $ 1)$ P 2e!t/P (et/P $ 1)

7
(A.22)

which after simplification finally reconstitutes Fuerth’s formula

%d(t)2& = 2nD(t$ P (1$ e!t/P ). (A.23)
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